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1 Introduction

What is an atom?

Between 1909 and 1913, a group of physicists (Rutherford, von den Broeck indenpendently
Bohr) sought to describe atoms with a model. Due to many successful experiments with
radiation, it was apparent that protons and neutrons must sit inside the core of the atom
(the nucleus), whereas electrons somehow circle more flexibly outside, arranged in layers.
Their view on atoms, which shaped the periodic table of elements, was as follows

Figure 1: Atomic structure of Lithium. Protons are red, neutrons are blue and electrons are
green

This model was very good at explaining many phenomena in physics and chemistry. But
there is a fundamental question:

• Question. Why do the (negatively charged) electrons not crash into the (positively
charged) nucleus?

This is against all odds, since we do know that different charges attract each other via a
Coulomb force. How to deal with this? A suspicion that can easily arise is that it is maybe
incorrect to look at electrons/protons/neutrons as particles. But what other objects are
there? One object that was quite a bit understood at this time were waves, due to many
experiments with light.

Particles or Waves?

But why should electrons be waves? Well, the wave property could at least explain the
organization in layers! Imagine you have a string of a guitar. This string is usually clamped
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on both sides. Now you pull the string. What you observe is that the signal is composed of
elementary waves, that is waves whose wavelength is 1

n
-times the total length of the string for

n P N. For n “ 1 this wave is called base wave, for n “ 2 this is the first overtone wave etc
etc. An observation that is important for the whole theory of quantum mechanics is that all
these waves have different energy levels. This distunguishes the elementary waves and shows
that their energy is quantized (i.e. located on discrete levels).

Figure 2: Base wave and overtones.

Now back to our atom: Imagine now one end of a string is sitting inside the center nucleus
and one end is located at the “outside end” of the atom (if this at all exists). If an electron
were sitting inside the center of the nucleus it cannot move due to the charges there. At the
“outside end” it also shouldn’t move (since it shouldn’t escape). What we have is exactly the
situation of our guitar string that is clamped at two ends. And as a result, we must observe
quantized energy levels. This accounts for the layers in which the electrons are arranged –
and is a strong hint towards the fact that electrons behave like waves

The double slit experiment

Between 1923 and 1927 the physiciststs C. Davisson and L. Germer wanted to know for sure.
Are electrons really waves? To understand this they have set up an experiment that was
expected to clear up the situation once and for all (instead new questions arouse from it...).
A similar experiment has also already successfully explained the wave nature of visible light.
It goes as follows: An electron beam gun shoot one electron after each other on a wall with
to very narrow slits. Some distance behind this wall there is a detector screen that can detect
where the electrons hit the screen level.
Now, if electrons are particles, they just decide for one of the slits and then they can hit
the detector screen just directly behind the two slits. On contrary, if they are waves it will
happen that from each of the two slits there originates a new wave. These two waves will
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then interact with each other and form an interference pattern, which will become visible at
the detector screen.

Figure 3: Double slit experiment

Now, what happened in the experiment? The interference pattern was observed. There was
however one more experiment conducted, which led to more confusion. Instead of detecting
the electron only at the detector screen, it was also detected at one of the slits, whether the
electron goes through this slit or not. And a big surprise happened: If such an additional
detector is installed, then suddenly the electrons behave like particles (no matter which
slit they actually go through). This is really confusing: detection changes how the system
behaves. And this gives rise to a few insights that form the basis of our description

• Electrons (and other subatomic particles) can be both —particles and waves !

• Since in a quantum system everything interacts with each other and even measurements
change the system, it is impossible to describe positions without uncertainty.

These facts must be taken into account when formulating quantum mechanics. In particular:
All the statements should be probabilistic statements.

How to formulate quantum mechanics?

Here we allow ourselves to be mathematically very sloppy, in the next chapter we will be
much more rigorous (which is basically the purpose of this lecture). Let us look at a quantum
system, e.g. some electron in the d-dimensional space Rd that moves over time. We introduce
a (time-and-space-dependent) state function

ψ : R ˆ Rd
Ñ C, ψ “ ψpt, xq, such that

ż

Rd
|ψpt, xq|

2 dx “ 1. (1)

This function ψ enables us to make the probabilitstic statements above in the following sense:
For all J Ă Rd (suitably nice) we can say

PrThe electron is inside the set J at time ts “

ż

J

|ψpt, xq|
2 dx,
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where Pr¨s stands for the probability of an event. Hence we have a probablility distribution
for the position of the particle. Its (time-dependent) probability density is given by |ψpt, ¨q|2.
Now that we have this probability density given we can use it, e.g. to form expected values.
With this we should be able to assign some expected trajectory to the electron. We specialize
on the case d “ 1 to make this easier to see. The place of the electron at time t can be looked
at as a random variable. Since we know its probability density |ψpt, ¨q|2, its expected value
can be expressed as

ErPosition of the electron at time ts “

ż

R
x ¨ |ψpt, xq|

2 dx,

(at least if this integral exists). Physical properties of a system are best destribed if one has
both: position and velocity (or better: momentum). The latter one is also a random variable.
It will turn out that

ErMomentum of the electron at time ts “

ż

R
x ¨ |ψ̂pt, xq|

2 dx,

where ψ̂pt, ¨q is the Fourier transform of ψpt, ¨q. We will give a mathematical explanation
why for the momentum we have to take the Fourier transform here (much based on the fact
that the Fourier transform transforms derivatives, i.e. taking velocities, into multiplications).
Guided by this observation, we will understand that the momentum can be looked at as a
random variable with probability density |ψ̂pt, ¨q|2. Note that this is indeed a probability
density since a property of the Fourier transform (more precisely, its unitariness) implies

ż

R
|ψ̂pt, xq|

2 dx “

ż

R
|ψpt, xq|

2 dx “ 1.

Agenda

Now that we fixed the formulation, let me give you a list of goals we have in this course

1. Heisenberg’s Uncertainty Principle. We have discussed the random variables
position and momentum. In classical mechanics, both are things that we can measure
and therefore they are always deterministic and never really random. In quantum
mechanics, I can never know them both. More precisely, the variances of these random
variables satisfy

VARrPositions ¨ VARrMomentums ě
h2

16π2
,

where h is a natural constant. This inequality holds regardless of the precise state
function ψ and in particular for all times throughout the entire lifetime of the system.
This shows also: If we detect the position of a particle we must necessarily have a lot
of uncertainty in the momentum. Hence our position measurements will never describe
the system completely.

2. Schrödinger equation. In the above experiments we have discussed a few quantum
systems, both times with an electron involved. To be able to describe them thoroughly,
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we need to find an equation that describes the dynamics of these electrons. This is done
by means the Schrödinger equation, which describes the evolution of the state function
of an electron which is located in a (time-independent) potential V : Rd Ñ R, V “ V pxq.
More precisely, If ψ is the state function of the system, we would like to say that for all
pt, xq P R ˆ Rd

i
B

Bt
ψpt, xq “ ´

1

2
∆xψpt, xq ` V pxqψpt, xq, where ∆x “

d
ÿ

i“1

B2

Bx2i
. (2)

Mathematicians might notice some flaws here: We want to take derivatives of ψ, but
all we required on ψ in (1) is square integrability – in particular differentiability is not
for granted. Luckily, we have the concept of distributions, which allows us to assign
derivatives to non-differentiable functions. Hence, we will look at ψ as a distribution
and not a function anymore. While this seems like a suitable approach here, it creates
another problem: While differentiating a distribution is easy, multiplying a distribution
with a function is not. So the last summand on the right hand side of (2) deserves some
more attention.

(a) The free propagator, V “ 0. We will first ignore the issue of multiplying
functions and distributions, by assuming that the potential term is absent, i.e.
V “ 0. This is already sufficient to describe the double slit experiment as there
no potential is present. Our main result will be as follows. If a state function ψ
satisfies (in a yet to be discussed distributional sense) (2), and the initial state
function is ψp0, ¨q :“ ψ0 then (under mild regularity assumptions on ψ0) we have

ψpt, xq “

ż

Rd

1

p2πitq
d
2

ei
|x´y|2

2t ψ0pyq dy.

That means that we can compute the complete evolution explicitly if we have
given just the initial state. The function P0pt, x, yq :“ 1

p2πitq
d
2
ei

|x´y|2

2t that allows

this explicit computation is called the free propagator. Having this at hand we
can describe, why the interference pattern appears in the double slit experiment.

(b) Propagators with Potentials. We turn again to the atom model. Here the
electrons are inside a force field, determined by the Coulomb atttraction force
that comes from the protons (which we assume to be located at the origin).
In particular, the nucleus at the origin creates a Coulomb potential given by
V pxq “ c

4πε0|x|
(where c is the number of protons at the origin). We would like to

solve (2) with this potential. What does solve mean here? We would like to have
as in case (a) a propagator Upt, x, yq depending on V with the property that

ψp0, ¨q “ ψ0 ùñ ψpt, xq “

ż

Rd
Upt, x, yqψ0pyq dy,

i.e. Upt, x, yq permits computation of ψpt, ¨q given the initial state ψ0. Using some
functional analysis we are able formulate a condition for such a propagator to
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exist. The main result is that such a propagator exists if and only if

´
1

2
∆x ` V Id :W 2,2

pRd;Cq Ñ L2
pRd;Cq is a self-adjoint operator.

We will define later rigorously what a self-adjoint operator is. At this point let me
express a caveat: In physics literature, quantum mechanics is usually happening
on some finite-dimensional Hilbert space Cn. For an operator A : Cn Ñ Cn, x ÞÑ

Mx (where M P Cnˆn is a matrix), it is known from linear algebra what it
means to be self-adjoint: Namely, MT

“ M . This is easy to verify. However,
in infinite dimensional spaces there is much more to explain about the notion
of self-adjointness – even the definition of it can fill pages in some literature.
And not just that: This notion of self-adjointness will necessitate regularity
requirements on V that could not be identified by reducing quantum mechanics to
the finite-dimensional setting. Luckily, at least our Coulomb potential satisfies
these requirements. Finally, we will be able to compute the desired propagator
(asymptotically) by means of Trotter’s product Formula. This is mathematically
what physicists call a path integral.

(c) Spectral Theory and Stone’s Theorem. The fact that a propagator exists for self-
adjoint operators is mathematically based on spectral threory for self-adjoint operators.
If time allows we will discuss some foundations of this theory.

Literature
• Erwin Kreyszig. Introductory Functional Analysis with Applications (1978).

– Chapter 11.1/11.2 forms the basis of our Chapter 2.

– In general Chapter 11 is a good read with a lot of detailed explanations of physics.
For us however pursuing it further is not ideal: It focuses much on the Time-
Independent Schrödinger equation. While this is very interesting, it would not fit
to the background of this course coming Distribution Theory and Fourier Analysis.

• Michael Reed and Barry Simon. Methods of Modern Mathematical Physics. Part I:
Functional Analysis.

– From this book’s Chapter VIII.8, Chapter 3.3.1 and 3.3.2 are taken

– It is a self-contained introduction into Functional Analysis and contains theory
about unbounded operators.

• Michael Reed and Barry Simon. Methods of Modern Mathematical Physics. Part II:
Fourier Analysis and Self-Adjointness

– This book is a general guide through the covered material. After the whole lecture,
you should have covered Chapter IX.1-IX.7 and Chapter X.1-2 and X.11.

• Stefan Teufel. Mathematical Quantum Theory. Winter Term 2020/2021
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– Chapters 3.1 and 3.2 are partially based on these lecture notes

– These lecture notes are very well-structured and contain eveything that is needed
for matheamtical quantum mechanics. Since the lecture notes have more of a
supplementary character, some explanations / details are missing at times.

• Marius Müller. Analysis III (2024)

– I will often reference some results from these lecture notes which are publicly avail-
able at https://www.uni-augsburg.de/de/fakultaet/mntf/math/einricht/ik/
(Click “Skripte”)
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2 Foundations of Quantum mechanics
08.06.2026

To motivate quantum mechanics, let us consider the simplest case of a physical system: a
single particle on the real line R. In classical mechanics, the state of our system at some
instant is described by specifying position and velocity of the particle. So, two numbers
describe the state of the particle. In quantum theory, describing a particle is more complicated
– the quantities named above are not deterministic (since observing what a particle does
change the system). Instead, we want to make probabilistic statements about the system. To
this end we introduce a state function ψ P L2pR;Cq which satisfies

ż

R
|ψpxq|

2 dx “ 1.

Here, dx indicates integration with respect to the 1-D Lebesgue measure. The probability
that the particle is then found in a given Lebesgue-measurable subset J Ď R is then given by

PψrJs :“

ż

J

|ψpxq|
2 dx.

One readily checks that Pψ is then a probability distribution with density x ÞÑ |ψpxq|2. In
order to describe this probability distribution, we can define known probabilistic quantities
like the expected value

µψ :“

ż

R
x|ψpxq|

2 dx (3)

and the variance
varψ :“

ż

R
px ´ µψq

2
|ψpxq|

2 dx (4)

Notice that due to (3) µψ can be written as

µψ “

ż

R
xψpxqψpxq dx. (5)

For the formulation of the theory, it is helpful to express all the quantities we consider by
means of the scalar product

x¨, ¨y : L2
pR;Cq ˆ L2

pR;Cq Ñ C, xf, gy :“

ż

R
fpxqgpxq dx.

And indeed, (5) allows such an expression. We just have to define the linear operator

Q : DpQq Ñ L2
pR,Cq via pQψqpxq :“ xψpxq, where DpQq :“

"

ψ P L2
pR;Cq :

ż

R
x2|ψpxq|

2 dx ă 8

*

.

If we do so (5) can be rewritten as

µψ “

ż

R
pQψqpxqψpxq dx “ xQψ,ψy.

We will often see expressions of the form xTψ, ψy appearing in our formulation (where T is
a linear operator that is defined on a subset of L2pR;Cq. The operator Q is called position
operator.
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Definition 2.0.1 — Position operator

Let DpQq :“ tψ P L2pR;Cq :
ş

R x
2|ψpxq|2 dx ă 8u. Then the position operator is given by

Q : DpQq Ñ L2
pR;Cq, ψ ÞÑ Qψ

where Qψ P L2pR;Cq is the function that satisfies pQψqpxq “ xψpxq for almost every
x P R.

The position operator is the first example of a so-called observable — a concept which we are
going to define now in full generality

Definition 2.0.2 — Observable and Expectation

Let DpT q be a linear subspace of L2pR;Cq. A linear operator T : DpT q Ñ L2pR;Cq is
called observable with domain DpT q. For an observable T and a state function ψ P DpT q

we define the expectation µψpT q :“ xTψ, ψy.

Oftentimes we will also ask that our observables are symmetric, we will discuss this important
concept later.
A question we study now instead is: Can we also express the variance (given in (4)) in terms
of Q? Yes, we can! To this end we however have to take the square of the operator Q, that
is we define DpQ2q :“ tψ P L2pR;Cq : ψ P DpQq, Qψ P DpQqu and form Q2 : DpQ2q Ñ

L2pR;Cq, Q2ψ :“ QpQψq. At first sight this seems more or less like a complicated way of
writing up Q ˝ Q, but one has to be careful with the domains of definition. Indeed, you
can convince yourself that x ÞÑ 1

1`x2
lies in DpQq but not in DpQ2q. Anyways, for each

ψ P DpQ2q and almost every x P R we have

pQ2ψqpxq “ QpQψqpxq “ xpQψqpxq “ xpxψpxqq “ x2ψpxq.

Now we write (with I : L2pR;Cq Ñ L2pR;Cq being shorthand for the identity)

varψ “

ż

R
px ´ µψq

2
|ψpxq|

2 dx “

ż

R
rx2 ´ 2µψx ` µ2

ψsψpxqψpxq dx

“

ż

R
rpQ2ψqpxq ´ 2µψpQψqpxq ` µ2

ψψpxqsψpxq dx

“ xpQ2
´ 2µψQ ` µ2

ψIqψ, ψy “ xpQ ´ µψIq
2ψ, ψy,

where we formally have to define for µ P R the operator pQ ´ µIq2 : DpQ2q Ñ L2pR;Cq via
pQ´µIq2ψ :“ Q2ψ´2µQψ`µ2ψ. Notice that the domain of definition of pQ´µIq2 coincides
with the domain of definition of Q2 and all the quantities we formed in the definition are well
defined. This will be of use later.
The position operator has a very special structure. In the future we will also study other
more general observables (like e.g. the momentum operator). This is why we would like to
define the variance in full generality.
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Definition 2.0.3 — Variance and Standard Deviation

Let T : DpT q Ñ L2pR;Cq be an observable. Define DpT 2q :“ tψ P L2pR;Cq, ψ P

DpT q, Tψ P DpT qu. For ψ P DpT 2q define the variance

varψpT q :“ xpT ´ µψpT qIq
2ψ, ψy,

where for µ P R the linear operator pT´µIq2 : DpT 2q Ñ L2pR;Cq is given by pT´µIq2ψ :“
T 2ψ ´ 2µTψ ` µ2ψ.

We also define the standard deviation sdψpT q :“
a

varψpT q

2.1 Further Observables and their properties

Before we start we briefly recall the notion of the Sobolev space W 1,2pR;Cq.

Definition 2.1.1 — Weak derviative, Sobolev Space

Let f P L1
locpR;Cq. We say that f has weak derviative g P L1

locpR;Cq if
ż

R
fpxqη1

pxq dx “ ´

ż

R
gpxqηpxq dx @η P C8

0 pR;Cq

We define the Sobolev space W 1,2pR;Cq via

W 1,2
pR;Cq :“ tf P L2

pR;Cq : f has a weak derivative that lies in L2
pR;Cqu

For open intervals I Ă R one can also definie weak derivatives analogously . More precisely,
we say that f P L1

locpI;Cq has weak derviative g P L1
locpI;Cq if

ż

R
fpxqη1

pxq dx “ ´

ż

R
gpxqηpxq dx @η P C8

0 pI;Cq

Analogously one can then define W 1,2pI;Cq. Our analysis will only focus on the case I “ R,
which is somewhat typical for Quantum mechanics. We will also see in this chapter why.

Remark 2.1.2

If f P L1
locpR;Cq is a weakly differentiable function on R then its weak derivative is uniquely

determined by f (as an element of L1
locpR;Cq, i.e. only defined for Lebesgue-almost every

x). Hence we may give it a name: The weak derivative of such f will from now on be
called f 1.

As discussed in the introduction a state function ψ is related to the probability distribution
of the position of a particle on the real line. This is generalizing the concept of position to the
quantum setting. Now we would like to generalize the concept of velocity (or, the comcept
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of momentum which is the product of mass and velocity). Velocity is the rate of change
of the position, classically expressed by the derivative. This motivates the definition of the
momentum operator as follows

Definition 2.1.3 — Momentum operator

We set DpP q :“ W 1,2pR;Cq and define the momentum operator P : DpP q Ñ L2pR;Cq via

pPψqpxq :“
h

2πi
ψ1

pxq,

for almost every x P R, where ψ1 P L2pR;Cq denotes the weak Sobolev derivative.

We can also form expectations for the momentum operator. According to Definition 2.0.2 we
have for ψ P DpP q

µψpP q :“ xPψ, ψy “
h

2πi

ż

R
ψ1

pxqψpxq dx.

2.1.1 Symmetric observables

Let T : DpT q Ñ L2pR;Cq be an observable. In this section we study an important property
that the observable T can have, which is symmetry.

Definition 2.1.4 — Symmetry

An observable T : DpT q Ñ L2pR;Cq is called symmetric if for all f, g P DpT q we have

xTf, gy “ xf, Tgy

Let us compare this notion to its finite-dimensional analogue. If we have a linear operator
A : Cn Ñ Cn given we realize that the equation

xAx, yy “ xx,Ayy for all x, y P Cd

is equivalent to Hermitean(!) symmetry of the matrix M that represents A (that is, if
M P Cnˆn is such that Ax “ M ¨ x for all x P Cn we have that M “ M

T ). One should
not forget the complex conjugate in this formula. It will play a role later that position and
momentum operator are both symmetric.

Proposition 2.1.5

Let Q be as in Definition 2.0.1 and P be as in Definition 2.1.3. Then both Q and P are
symmetric.

Proof (Part I). For Q this is easy to show. Suppose that f, g P DpQq. In particular f, g
and x ÞÑ xfpxq and x ÞÑ xgpxq are functions in L2pR;Cq. Given this we may compute

xQf, gy “

ż

R
pQfqpxqgpxq dx “

ż

R
xfpxqgpxq dx
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“““
xPR

ż

R
xfpxqgpxq dx “

ż

R
fpxqxgpxq dx “ xf,Qgy.

Symmetry of Q is shown. For symmetry of P we refer to the end of this section.

To prove the symmetry of P we need a preparatory lemma.

Lemma 2.1.6 — Sobolev Approximation on the real line

Suppose that f P W 1,2pR;Cq has weak derivative f 1. Then there exists a sequence
pηnqnPN Ă C8

0 pR;Cq such that ηn
nÑ8

ÝÝÝÝÑ
L2pR;Cq

f and η1
n

nÑ8
ÝÝÝÝÑ
L2pR;Cq

f 1

Proof. Let f P W 1,2pR;Cq be as in the statement. Let θ P C8
0 pRq be such that θ|B1p0q ” 1

and θ|RzB2p0q ” 0. Define first for n P N the function fn : R Ñ R via fnpxq :“ fpxqθpx
n

q.

Intermediate Claim 1. For all n P N we have fn P W 1,2pR;Cq, fn
nÑ8

ÝÝÝÝÑ
L2pR;Cq

f and

f 1
n

nÑ8
ÝÝÝÝÑ
L2pR;Cq

f 1.

Let n P N. We first show that fn is weakly differentiable. To this end let φ P C8
0 pR;Cq be

arbitrary. We compute
ż

R
fnpxqφ1

pxq dx “

ż

R
fpxqθpx

n
qφ1

pxq dx

“

ż

R
fpxq

d

dx
pθpx

n
qφpxqq dx ´

ż

R
fpxq 1

n
θ1

px
n

qφpxq dx.

Here we have used the product rule of differentiation in the last step (read it backwards!).
Noticing that x ÞÑ θpx

n
qφpxq lies in C8

0 pR;Cq we may use the definition of the weak
derivative in the first integral to obtain

ż

R
fnpxqφ1

pxq dx “ ´

ż

R
f 1

pxqθpx
n

qφpxq dx ´

ż

R
fpxq 1

n
θ1

px
n

qφpxq dx

“ ´

ż

R
pf 1

pxqθpx
n

q ` 1
n
fpxqθ1

px
n

qqφpxq dx.

Since φ was arbitrary we infer that fn is weakly differentiable with weak derivative

f 1
npxq “ f 1

pxqθpx
n

q ` 1
n
fpxqθ1

px
n

q (a.e. x P R),

which is intuitive due to the product rule. We leave as an exercise to show that fn, f 1
n are

square integrable. It remains to show that fn
nÑ8

ÝÝÝÝÑ
L2pR;Cq

f and f 1
n

nÑ8
ÝÝÝÝÑ
L2pR;Cq

f 1. For the first
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claim we look at

∥fn ´ f∥2L2 “

ż

R
|fpxqθpx

n
q ´ fpxq|

2 dq “

ż

R
|fpxq|

2
|1 ´ θpx

n
q|
2 dq.

Now observe that |1 ´ θpx
n

q|2
nÑ8
ÝÝÝÑ 0 for each x P R(a) and |fpxq|2|1 ´ θpx

n
q|2 ď p1 `

supR θq2| |fpxq|2, which lies in L1pRq (due to the fact that θ is bounded on R). Hence the
dominated convergence theorem applies and yields lim

nÑ8
∥fn´f∥2L2 “ 0. For the convergence

of the derivatives we compute

∥f 1
n ´ f 1∥2L2 “

ż

R
|f 1

pxqθpx
n

q ` 1
n
fpxqθ1

px
n

q ´ f 1
pxq|

2 dx

“

ż

R
|f 1

pxqpθpx
n

q ´ 1q ` 1
n
fpxqθ1

px
n

q|
2 dx

ď 2

ż

R
|f 1

pxq|
2
|θpx

n
q ´ 1|

2
` 2

n2

ż

R
|fpxq|

2
|θ1

px
n

q|
2 dx,

where we have used the standard inequality |a ` b|2 ď 2p|a|2 ` |b|2q in the last step. That
the first integrand goes to zero can be shown with a very similar technique as above. The
second integrand can be discussed as follows. We may estimate |θ1p

q
n

q|2 ď supR |θ1|2 :“ C
(which is finite due to the fact that |θ1|2 is a continuous function with compact support)
and obtain that the second integral is bounded above by 2C

n2 ∥f∥2L2

nÑ8
ÝÝÝÑ 0. This yields that

also the second integral tends to zero and we infer lim
nÑ8

∥f 1
n ´ f 1∥ “ 0. The intermediate

claim is shown.

Intermediate Claim 2. Suppose that g P W 1,2pR;Cq is such that there exists some
compact set K Ă R with g|RzK “ 0 (a.e.). Then for each ε ą 0 there exists gε P C8

0 pR;Cq

such that ∥g ´ gε∥L2 ` ∥g1 ´ g1
ε∥L2 ă ε.

The proof of this fact is left to the reader as an exercise and takes advantage of approxi-
mations to the identity (as seen in Santiago’s Part).

Now we turn to the actual proof. Let f P W 1,2pR;Cq and pfnqnPN be as in Intermediate
Claim 1. One readily checks that fn|RzB3np0q

“ 0. In particular, we may apply Intermediate
Claim 2 with g “ fn, K “ B3np0q and ε “ 1

n
. As a result we obtain some ηn P C8

0 pR;Cq

such that ∥fn ´ ηn∥L2 ` ∥f 1
n ´ η1

n∥L2 ă 1
n
. The triangle inequality in L2 yields

∥f ´ ηn∥L2 ď ∥f ´ fn∥L2 ` ∥fn ´ ηn∥L2 ď ∥f ´ fn∥L2 ` 1
n

nÑ8
ÝÝÝÑ 0

and
∥f 1

´ η1
n∥L2 ď ∥f 1

´ f 1
n∥L2 ` ∥f 1

n ´ η1
n∥L2 ď ∥f 1

´ f 1
n∥L2 ` 1

n

nÑ8
ÝÝÝÑ 0.
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The claim follows.
aIndeed: For x P R and n ą |x| we have ηp x

n q “ 1 and thus |1 ´ θp x
n q|2 “ 0 for all n ą |x|.

Remark 2.1.7

Lemma 2.1.6 is highly nontrivial: If one replaces the domain of definition R by some bounded
interval p0, 1q the conclusion fails to hold, even for f ” 1 (which lies in W 1,2pp0, 1q;Cq and
has weak derivative 0). More precisely

There exists no sequence pηnqnPN Ă C8
0 pp0, 1q;Cq such that ηn

nÑ8
ÝÝÝÑ
L2

1 and η1
n

nÑ8
ÝÝÝÑ
L2

0.

To see this assume the opposite, i.e. assume that pηnqnPN Ă C8
0 pp0, 1q;Cq is such that

ηn
nÑ8
ÝÝÝÑ
L2

1 and η1
n

nÑ8
ÝÝÝÑ
L2

0. By extending ηn by zero on Rzp0, 1q we may regard pηnqnPN

as a sequence in C8
0 pR;Cq that satisfies sptpηnq Ď p0, 1q for all n P N. The fundamental

theorem of calculus yields that for n P N and x P p0, 1q we have

|ηnpxq| “

∣∣∣∣ηnp0q `

ż x

0

η1
npsq ds

∣∣∣∣ “

∣∣∣∣ż x

0

η1
npsq ds

∣∣∣∣ ď

ż x

0

|η1
npsq| ds

ď

ż 1

0

|η1
npsq| ds ď

d

ż 1

0

|η1
npsq|2 ds

d

ż 1

0

1 ds “ ∥η1
n∥L2 .

As a result we obtain

∥ηn∥2L2 “

ż 1

0

|ηnpxq|
2 dx ď

ż 1

0

∥η1
n∥2L2 dx “ ∥η1

n∥2L2
nÑ8
ÝÝÝÑ 0.

But then (by the inverse triangle inequality)

∥ηn ´ 1∥L2 ě | ∥1∥L2 ´ ∥ηn∥L2 |
nÑ8
ÝÝÝÑ |1 ´ 0| “ 1,

which contradicts ηn
nÑ8
ÝÝÝÑ
L2

1 in L2.

Proof (of Proposition 2.1.5, Part II). We must now show the symmetry of P . To this end
suppose that f, g P DpP q “ W 1,2pR;Cq. Before we start we leave it as an exercise to show
that g P W 1,2pR;Cq with g1 “ g1 (!). By Lemma 2.1.6 we can find pηnqnPN Ă C8

0 pR;Cq

such that ηn
nÑ8

ÝÝÝÝÑ
L2pR;Cq

f and η1
n

nÑ8
ÝÝÝÝÑ
L2pR;Cq

f 1. As a result we may compute

xPf, gy “
h

2πi

ż

R
f 1

pxqgpxq dx “ lim
nÑ8

h

2πi

ż

R
η1
npxqgpxq dx

“
(!)

lim
nÑ8

´h

2πi

ż

R
ηnpxqg1pxq dx “

´h

2πi

ż

R
fpxqg1pxq dx

15



“
h

2πi

ż

R
fpxqg1pxq dx “

ż

R
fpxq

h

2πi
g1pxq dx “ xf, Pgy.

The claimed symmetry follows.

Remark 2.1.8
We would like to conclude this section with a remark why symmetry of is a meaningful
assumption of observables in physics. The reason is the following

Observation. If T : DpT q Ñ L2pRd;Cq is a symmetric observable then for each
ψ P DpT q we have µψpT q “ xTψ, ψy P R.

This is easily seen as follows. For ψ P DpT q we have due to symmetry of T and Hermitean
symmetry of x¨, ¨y

xTψ, ψy “ xψ, Tψy “

ż

R
ψpxqpTψqpxq dx “

ż

R
ψpxqTψpxq dx “ xTψ, ψy.

For this reason xTψ, ψy is a real number.

2.2 Commutators and Heisenberg’s uncertainty principle

The position operator and the momentum operator do not commute. That means, roughly
speaking, that it makes a difference which quantity we measure first: Position or Momentum.
A very rough way to write this mathematically is PQ ‰ QP . However one must be a bit
careful when writing such a relation, since both operators P and Q have different domains of
definition. To be precise what we mean here we define

Definition 2.2.1 — Composition of Observables

Let T : DpT q Ñ L2pR;Cq and S : DpSq Ñ L2pR;Cq be observables. We define DpTSq :“
tψ P DpSq : Sψ P DpT qu and

TS : DpTSq Ñ L2
pR;Cq, pTSqψ :“ T pSψq.

As already mentioned it does in general make a difference which operator is applied first, T
or S (even in the domain of definition). To describe precisely what difference it makes we
discuss the commutator.

Definition 2.2.2 — Commutator

Let T : DpT q Ñ L2pR;Cq and S : DpSq Ñ L2pR;Cq be observables. Then we define

16



DprS, T sq :“ DpST q X DpTSq and call rS, T s : DprS, T sq Ñ L2pR,Cq, rS, T sψ “ pST qψ ´

pTSqψ the commutator of S and T .

As an example we compute a formula for the commutator of Pand Q, which is commonly
referred to as Heisenberg’s commutation relation

Proposition 2.2.3 — Heisenberg’s commutation relation

Suppose that ψ P DprP,Qsq. Then

rP,Qsψ “
h

2πi
ψ.

Proof. We compute (for a.e. x P R)

pPQψqpxq “ P pQψqpxq “
h

2πi
pQψq

1
pxq.

Using that pQψqpxq “ xψpxq for all x P R we can readily check that pQψq1 is given by
pQψq1pxq “ ψpxq ` xψ1pxq. (This is not surprising in view of the product rule but one
has to verify this also in terms of weak derivatives). Given this formula we obtain for a.e.
x P R

pPQψqpxq “
h

2πi
ψpxq `

h

2πi
xψ1

pxq.

Moreover, one readily checks that pQPψqpxq “ h
2πi
xψ1pxq. This yields

prP,Qsψqpxq “
h

2πi
ψpxq `

h

2πi
xψ1

pxq ´
h

2πi
xψ1

pxq “
h

2πi
ψpxq for a.e x P R.

The claim follows.

The next theorem, called commutator theorem relates the expectation of the commutator
and the variances of the operators

Theorem 2.2.4 — Commutator Theorem

Let S : DpSq Ñ L2pR;Cq, T : DpT q Ñ L2pR,Cq be symmetric observables and ψ P

DprS, T sq X DpT 2q X DpS2q. Then

|µψprS, T sq|
2

ď 4varψpSqvarψpT q.

Proof. Recall first that ψ P DprS, T sq “ DpST qXDpTSq means ψ P DpT q and Tψ P DpSq

as well as ψ P DpSq and Sψ P DpT q. Define µ1 :“ µψpSq and µ2 :“ µψpT q as well as the
observables A :“ S ´ µ1I (defined on DpSq) and B :“ T ´ µ2I (defined on DpT q). One
readily checks that DprA,Bsq “ DprS, T sq and

rA,Bs “ AB ´ BA “ pS ´ µ1IqpT ´ µ2Iq ´ pT ´ µ2IqpS ´ µ1Iq

17



“ ST ´ µ1T ´ µ2S ` µ1µ2I ´ pTS ´ µ1T ´ µ2S ` µ1µ2Iq “ ST ´ TS “ rS, T s.

For this reason we have

µψprS, T sq “ µψprA,Bsq “ xABψ ´ BAψ,ψy “ xABψ,ψy ´ xBAψ,ψy. (6)

Since A is now symmetric and Bψ,ψ P DpAq we have xABψ,ψy “ xBψ,Aψy. Moreover,
given that Aψ,ψ P DpBq we have (by symmetry of B) xBAψ,ψy “ xAψ,Bψy, so that (6)
yields

µψprS, T sq “ xBψ,Aψy ´ xAψ,Bψy.

Taking absolute values and using the triangle (can Cauchy-Schwarz inequality we obtain

|µψprS, T sq| “ |xBψ,Aψy ´ xAψ,Bψy| ď |xBψ,Aψy| ` |xAψ,Bψy| ď 2∥Bψ∥L2∥Aψ∥L2 ,

i.e.
|µψprS, T sq|

2
ď 4∥Bψ∥2L2∥Aψ∥2L2 (7)

Now note that due to the fact that ψ,Bψ P DpBq we have

∥Bψ∥2L2 “ xBψ,Bψy “ xBpBψq, ψy “ xB2ψ, ψy “ xpT ´ µ2Iq
2ψ, ψy “ varψpT q.

Similarly we find ∥Aψ∥2L2 “ varψpSq and the claim follows from (7).

A direct consequence is Heisenberg’s uncertainty principle

Theorem 2.2.5 — Heisenberg’s uncertainty principle

Suppose that ψ P DprP,Qsq X DpP 2q X DpQ2q is such that
ş

R |ψpxq|2 dx “ 1. Then

varψpP qvarψpQq ě
h2

16π2
.

Proof. Let ψ be as in the statement. Then (2.2.3) yields rP,Qsψ “ h
2πi
ψ. As a result we

have

µψprP,Qsq “ xrP,Qsψ, ψy “
h

2πi

ż

R
ψpxqψpxq dx “

h

2πi

ż

R
|ψpxq|

2 dx “
h

2πi
.

Using this and Theorem 2.2.4 (applicable since P and Q are symmetric, cf. Proposition
2.1.5) we find

h2

4π2
ď |µψprP,Qsq|

2
ď 4varψpP qvarψpQq,

so that
varψpP qvarψpQq ě

h2

16π2
.
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This shows in particular one thing: No matter how the probability distribution looks like: P
and Q can not both be deterministic: If the variance of the position operator Q is small then
we have varψpP q ě h2

16π2varψpQq
so that the variance of the momentum operator is big.

09.06.2026

2.2.1 Quantum mechanics and Fourier transform

In the following we will assume for simplicity that h “ 2π. In particular, the momentum
operator is given by pPψqpxq “ 1

i
ψ1pxq for a.e. x P R (for any ψ P W 1,2pR;Cq).

2.2.1.1 Preliminaries about the Fourier transform In this part of the lecture we
define the Fourier transform on R as follows:

Definition 2.2.6 — Fourier Transform

Let f P SpR;Cq. We define the Fourier Transform Fpfq : R Ñ C of f to be

Fpfqppq :“ f̂ppq :“
1

?
2π

ż

R
fpxqe´ip¨x dx.

Moreover we define the Inverse Fourier Transform F´1pfq : R Ñ C via

F´1
pfqpxq :“ f̌pxq :“

1
?
2π

ż

R
fppqeip¨x dp.

Note that the prefactor 1?
2π

differs slightly from the prefactor that was used in Part II of the
lecture. This new convention will however be more suitable for our purposes which is why we
redefine the Fourier Transform now.

Remark 2.2.7 — Properties of the Fourier Transform

We will use several properties of the Fourier Transform, which we list here

• For all f P SpR;Cq we have Fpfq,F´1pfq P SpR;Cq

• F´1pFpfqq “ FpF´1pfqq “ f for all f P SpR;Cq

• For all f P SpR;Cq we have Fpfq1 “ ´iFpx ÞÑ xfpxqq

• For all f P SpR;Cq and p P R we have Fpf 1qppq “ ipFpfqppq

• For all f P SpR;Cq we have
ż

R
|fpxq|

2 dx “

ż

R
|Fpfqppq|

2 dp.

For proofs of all these properties we refer to Part II of the lecture.
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Remark 2.2.8
Note also that the Fourier transform generalizes in a straightforward way to functions in
SpRd;Cq when defining for f P SpRd;Cq the Fourier transform Fpfq : Rd Ñ C via

Fpfqppq :“ f̂ppq :“
1

p2πq
d
2

ż

Rd
fpxqe´ip¨x dx (8)

with “ ¨” denoting the canonical scalar product on Rd. The formula for the inverse Fourier
transform F´1pfq : Rd Ñ C is also very canonical

F´1
pfqpxq :“ f̌ppq :“

1

p2πq
d
2

ż

Rd
fppqeip¨x dp.

The properties from the previous remark carry over in a straighforward way, i.e.

• For all f P SpRd;Cq we have Fpfq,F´1pfq P SpRd;Cq

• F´1pFpfqq “ FpF´1pfqq “ f for all f P SpRd;Cq

• For all f P SpRd;Cq we have BiFpfq “ iFpx ÞÑ xifq

• For all f P SpRd;Cq and p P Rd we have FpBifqppq “ ´ipiFpfqppq

• For all f P SpRd;Cq we have
ż

Rd
|fpxq|

2 dx “

ż

Rd
|Fpfqppq|

2 dp.

The Fourier Transform extends canonically to a linear map F : S 1pRd;Cq Ñ S 1pRd;Cq.

Definition 2.2.9 — Fourier Transform on S 1pRd;Cq

Let L : SpRd;Cq Ñ C be a tempered distribution, i.e. L P S 1pRd;Cq be a tempered
distribution. Then we define FpLq P S 1pRd;Cq via the formula

FpLqpφq :“ Lpφ̂q for all φ P SpRd;Cq

What is maybe less known is that we may also look at F as a bijective operator on L2pRd;Cq.
This has been discussed in Theorem 6.14 of Part II, but I would like to provide a bit more
details. While the above definition and the fact that L2pRd;Cq Ď S 1pRd;Cq allows us already
to apply F on any L2-function it is not clear that the image maps bijectively onto L2pRd;Cq.
If we write L2pRd;Cq Ď S 1pRd;Cq we of course have to specify what we mean by that (since
we need to identify functions with distributions). We precisely mean that to g P L2pRd;Cq

we associate the tempered distribution

Lg : SpRd;Cq Ñ C, Lgpφq :“

ż

Rd
gφ dx (9)

which lies (as one readily checks) in S 1pRd;Cq.
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Theorem 2.2.10 — Fourier Transform on L2pRd;Cq

There exists a unique bijective linear map F : L2pRd;Cq Ñ L2pRd;Cq such that Fpfq “ f̂
for all f P SpRd;Cq. Moreover, F is unitary, i.e. for all f P L2pRd;Cq there holds
∥Fpfq∥L2 “ ∥f∥L2 . Furthermore, F coincides with the distributional Fourier transform in
Definition 2.2.9 in the following sense: With the notation of (9) we have LFpfq “ FpLf q

(with FpLf q being as in Definition 2.2.9)

Proof. (!Functional Analysis!)

Step 1. Construction

We first will define the map F . This is not straightforward as for general f P L2pRd;Cq the
integral in (8) is not necessarily convergent. To this end let f P L2pRd;Cq. It is known that
then there exists pηnqnPN Ă SpRd;Cq such that ηn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

f . (Indeed one can even take

pηnqnPN Ď C8
0 pRd;Cq). In particular pηnqnPN is a Cauchy sequence in L2pRd;Cq. Observe

that Fpηnq “ η̂n can already be computed by means of (8), we just need to find a way
to compute Fpfq. To this end notice that for m,n P N we have (given that the Fourier
transform preserves the L2-norm of Schwartz functions by Remark 2.2.8)

∥Fpηmq ´ Fpηnq∥L2 “ ∥Fpηm ´ ηnq∥L2 “““““
Rem2.2.8

∥ηm ´ ηn∥L2

For this reason pFpηnqqnPN Ă L2pRd;Cq is a Cauchy sequence. Since L2pRd;Cq is complete,
this sequence has a limit in L2pRd;Cq. We would now like to define

Fpfq :“ LIM
nÑ8

Fpηnq where LIM
nÑ8

refers to the L2
pRd;Cq-limit of functions (10)

but this is only well-defined if the limit on the right hand side is independent of the
chosen approximating sequence pηnqnPN. We will show next that this is the case. If
pηnqnPN, pη̃nqnPN Ď SpRd;Cq are such that ηn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

f, η̃n
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

f then ηn´ η̃n
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

0 and therefore

∥Fpηnq ´ Fpη̃nq∥L2 “ ∥Fpηn ´ η̃nq∥L2 “ ∥ηn ´ η̃n∥L2
nÑ8
ÝÝÝÑ 0.

This implies that
LIM
nÑ8

Fpηnq “ LIM
nÑ8

Fpη̃nq

and thus (10) becomes well-defined. The construction also immediately implies that
Fpfq “ f̂ for all f P SpRd;Cq. Indeed, if f P SpRd;Cq one may choose pηnqnPN “ pfqnPN
and observe that Fpηnq “ f̂ for all n to conclude that

Fpfq “ LIM
nÑ8

f̂ “ f̂ .
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Step 2. Preservation of L2-norm, Linearity and Bijectivity.

Let us first derive the preservation of the L2-norm. This follows readily from the con-
struction. Indeed, let f P L2pRd;Cq. Then choose pηnqnPN Ď SpRd;Cq in such a way that
ηn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

f . Given that Fpfq “ LIM
nÑ8

Fpηnq we conclude

∥Fpfq∥L2 “ lim
nÑ8

∥Fpηnq∥L2 “ lim
nÑ8

∥η̂n∥L2 “““““
Rem2.2.8

lim
nÑ8

∥ηn∥L2 “ ∥f∥L2 .

The claim follows. The linearity of F follows similarly from the fact that linearity of
F |SpRd;Cq is directly evident from (8). We leave this to the reader as an exercise. Bijectivity
follows if we extend the inverse Fourier transform to L2pRd;Cq in the same manner as in
Step 1. Also these details are left to the reader as an exercise.

Step 3. Consistency with the distributional Fourier Transform.

Recall from Part II (Proof of Theorem 4.5 Step 2) that for all η1, η2 P SpRd;Cq we have
ż

Rd
η̂1pxqη2pxq dx “

ż

Rd
η1pxqη̂2pxq dx (11)

Now let pηnqnPN be such that ηn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

f . Then by our construction η̂n
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

Fpfq.

As a result we find for each φ P SpRd;Cq

LFpfqpφq “

ż

Rd
Fpfqφ dx

“ lim
nÑ8

ż

Rd
η̂nφ dx “

(11)
lim
nÑ8

ż

Rd
ηnφ̂ dx “

ż

Rd
fφ̂ dx “ Lf pφ̂q “ FpLf qpφq.

The claim follows.

2.2.1.2 Fourier Transform and Momentum Space Fourier transforms have the
property of transforming derivatives into multiplications and back. Now the position operator
is a multiplication and the momentum operator is a derivative. In particular, after Fourier
transform they play seemingly the same role. More precisely: Recall that

Q : DpQq Ñ L2
pR;Cq pQψqpxq “ xψpxq,

Now P : DpP q Ñ L2pR;Cq satisfies pPψqpxq “ 1
i
ψ1pxq. If we apply the Fourier transform

(for simplicity in the special case ψ P SpR;Cq) we have (by Remark 2.2.7)

zpPψqppq “ 1
i

pψ1ppq “ 1
i
ipψ̂ppq “ pψ̂ppq “ pQψ̂qppq.

With other words we have FpPψq “ QFpψq. Shorthand we would write P “ F´1QF holds
on SpR;Cq. We will next discuss that this formula holds actually on all of DpP q!
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Proposition 2.2.11

Let ψ P DpP q. Then Fpψq P DpQq and

Pψ “ F´1QFψ

Proof. Recall that DpP q “ W 1,2pR;Cq.

Intermediate claim. Fpψ1qppq “ ipFpψqppq for Lebesgue almost-every p P R.

This would be immediate if ψ P SpR;Cq (see Remark 2.2.7), but in our situation we have
significantly less regularity (only W 1,2). This is why we proceed as follows. Lemma 2.1.6
allows us to choose pηnqnPN Ă C8

0 pR;Cq such that ηn
nÑ8

ÝÝÝÝÑ
L2pR;Cq

ψ and η1
n

nÑ8
ÝÝÝÝÑ
L2pR;Cq

ψ1. Using

that F is an isometry (and hence continuous) in L2 we find that Fpηnq
L2

ÝÑ Fpψq and
Fpη1

nq
L2

ÝÑ Fpψ1q. Proposition 2.3.17 in Ò Analysis III Lecture Notes yields that there
exists a subsequence pℓnqnPN Ă N such that Fpηℓnq

nÑ8
ÝÝÝÑ
a.e.

Fpψq and Fpη1
ℓn

q
nÑ8
ÝÝÝÑ
a.e.

Fpψ1q.a

In particular, for a.e. p P R we have

Fpψ1
qppq “ lim

nÑ8
Fpη1

ℓnqppq “ lim
nÑ8

ipFpηℓnqppq “ ipFpψqppq.

The claim follows.

Now we have for almost every p P R

FpPψqppq “ Fp1
i
ψ1

qppq “ 1
i
Fpψ1

qppq “ 1
i
pipFpψqppqq “ pFpψqppq (12)

Since Pψ P L2pR;Cq we have FpPψq P L2pR;Cq and thus

8 ą

ż

R
|FpPψqppq|

2 dp “

ż

R
|pFpψqppq|

2 dp “

ż

R
|p|

2
|Fpψqppq|

2 dp.

This yields by Definition 2.0.1 that Fpψq P DpQq. Futhermore we have for a.e. p P R

pQFpψqqppq “ pFpψqppq “
(12)

FpPψqppq,

so that FP pψq “ QFpψq. Applying F´1 : L2pR;Cq Ñ L2pR;Cq on both sides yields the
claim.

aHere, “ nÑ8
ÝÝÝÑ
a.e.

” stands for convergence pointwise almost everywhere

This is what we mean by saying after Fourier transform, P and Q play the same role. Given
that this is so, the following formula for the expectation of the momentum operator P will
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not come as a surprise – it looks precisely like Formula (3) for the expectation of Q, which
we recall here for convenience:

µψpQq “

ż

R
x|ψpxq|

2 dx for all ψ P DpQq. (13)

The only difference is that it has to be formulated in the Fourier image.

Proposition 2.2.12

Suppose that ψ P DpP q and ψ̂ :“ Fpψq. Then

µψpP q “ µψ̂pQq “

ż

R
p|ψ̂ppq|

2 dp. (14)

Before we prove this formula we would also like to discuss its interpretation as an expectation.
If ψ P L2pR;Cq is such that

ş

R |ψpxq|2 dx “ 1 we have by unitariness of the Fourier transform
ż

R
|ψ̂ppq|

2 dp “

ż

R
|ψpxq|

2 dx “ 1,

so that p ÞÑ |ψ̂ppq|2 is also a probability density. The right hand side of (14) is nothing but
the expectation of the distribution associated to this density.

Proof. Let ψ P DpP q “ W 1,2pR;Cq. Recall from Proposition 2.2.11 that ψ̂ “ Fpψq P

DpQq.

Intermediate claim For each f, g P L2pR;Cq we have xFpfq,Fpgqy “ xf, gy.

This is actually a direct consequence of linearity and the unitariness of the Fourier transform.
Indeed, standard computations with properties of the scalar product show that for any
f, g P L2pR;Cq we have

2Rexf, gy “ ∥f ` g∥2L2 ´ ∥f∥2L2 ´ ∥g∥2L2 ,

Using this with Fpfq instead of f and Fpgq instead of g we may compute

2RexFpfq,Fpgqy “ ∥Fpfq ` Fpgq∥2L2 ´ ∥Fpfq∥2L2 ´ ∥Fpgq∥2L2

“ ∥Fpf ` gq∥2L2 ´ ∥Fpfq∥2L2 ´ ∥Fpgq∥2L2

“ ∥f ` g∥2L2 ´ ∥f∥2L2 ´ ∥g∥2L2 “ 2Rexf, gy.

We infer RexFpfq,Fpgqy “ Rexf, gy. Repeating the same computation with if instead of
f we can also obtain obtain ImxFpfq,Fpgqy “ Imxf, gy. The claim follows.
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Using the intermediate claim and Proposition 2.2.11 we infer

µψpP q “ xPψ, ψy “ xFpPψq,Fpψqy

““““““
Prop2.2.11

xQFpψq,Fpψqy “ xQψ̂, ψ̂y “ µψ̂pQq “
(13)

ż

R
p|ψ̂ppq|

2 dp,

where we have used in the second to last step also that according to Proposition 2.2.11 we
have ψ̂ P DpQq.

Similar formulas can be proved for the variance of the momentum. We refer to the exercises
and shall not go deeper right now. What I would however like to convey is the following
conclusion

Conclusion. The formula P “ F´1QF signifies that the Fourier transform allows a
transition between position space and momentum space. All the probabilistic quantities of Q
(expectation, variance) that are computed with the probability density |ψ|2 can be computed
in the same way for P , but with the probability density |ψ̂|2.
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3 The Schrödinger equation
In the previous chapters our given physical system was a single particle on the real line R.
Since time has not played a role, we have considered the whole system only at a given point
in time t0. From now on we would like to describe, how the particle evolves in time. Also, we
will from now on not only look at particles on R but on Rd. For this reason we have now a
space variable x “ px1, ..., xdq P Rd with multiple components. Let us briefly summarize the
physical situation

• At time t “ 0 our particle has an initial state function ψ0 P L2pRd;Cq with
ş

Rd |ψ0pxq|2 dx “

1

• The evolution of the particle in time is influenced by

– The quantum nature of the particle (i.e. one needs to formulate a law that somehow
reflects the wave property of the particle)

– Some external forces, i.e. we assume that the particle lives in a potential landscape
with potential V : Rd Ñ R (e.g. if gravitational forces apply we would have
V px1, ..., xdq “ mgxd)

Again, we can only make probabilistic statements about particles so we again seek to describe
the (now time-dependent!) state function ψ : R ˆ Rd Ñ C, ψ “ ψpt, x1, ..., xdq.
It turns out that the evolution law we need to describe this state function is the Schrödinger
equation. Actually, that ψ evolves according to the Schrödinger equation is an axiom. So in
particular it is nothing that we can prove, but something that we take for granted and develop
the whole theory on this basis. Given that the theory is very successful and its predictions can
be verified in experiments, this should be enough justification for the Schrödinger equation.
It will however take us some time to understand what the Schrödigner equation actually
means. The reason for that is that if one look into the standard literature, the Schrödinger
equation involve derivatives. However, so far we have not specified any regularity of ψ and
we actually can’t because we would like to allow also very rough initial data ψ0 P L2pRd;Cq,
which do not have derivatives in the classical sense.
This brings into play the insights of Part I of the lecture, where we have learned to take
derivates of irregular objects — with distribution theory we will be able to understand the
Schrödinger equation thoroughly.
For a first formulation however we have to be unmathematical and just write down the
equation.

Axiom 3.0.1 — Schrödinger Equation

Let V : Rd Ñ R. The dynamics of a particle with state function ψ : R ˆ Rd Ñ C
throughout time is given by the Schrödinger equation

i
B

Bt
ψpt, xq “ ´

1

2
∆xψpt, xq ` V pxqψpt, xq, (15)
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where ∆x “
d

ř

i“1

B2

Bx2i
denotes the Laplace operator in the spatial variables. As a shorthand

notation we introduce the operator H “ ´1
2
∆x ` V Id and rewrite i B

Bt
ψ “ Hψ.

The goal of this chapter will be to discuss how we can really understand this equation (even
for irregular state functions and potentials, which can sometimes occur – already as an initial
value at time t “ 0 we have to admit them). Mathematical questions that arise naturally are

• Initial value problems. Let’s say we have some initial state ψ0 P L2pRd;Cq. In
which sense does there exist a solution of (15) that satisfies ψp0, ¨q “ ψ0? Do special
conditions on ψ0 have to be required?

• Square integrability. The above solution only represents a meaningful state function
if ψpt, ¨q P L2pRd;Cq (and even ∥ψpt, ¨q∥L2 “ 1). Is this always ensured?

• Long time behavior. How do solutions behave for large times? What can be said
about asympotics of solutions?

We will briefly outline how these points are adressed in physics literature. Let us have a
closer look at the second point. If for some t ą 0 the function ψpt, ¨q is a meaningful state
function then we would have

ż

Rd
|ψpt, xq|

2 dx “ 1.

In particular, the map t ÞÑ ∥ψpt, ¨q∥L2 must be constant (and equal to 1). If ψ were regular
enough, this would follow by an easy computation which we show at this point without any
justification

d

dt

ż

Rd
|ψpt, xq|

2 dx “
d

dt

ż

Rd
ψpt, xqψpt, xq dx

“

ż

Rd

ˆ

B

Bt
ψpt, xqψpt, xq ` ψpt, xq

B

Bt
ψpt, xq

˙

dx

“

ż

Rd
2Re

ˆ

B

Bt
ψpt, xqψpt, xq

˙

dx “ 2Re

ż

Rd

B

Bt
ψpt, xqψpt, xq dx

“ 2Re

ż

Rd

ˆ

i

2
∆xψpt, xq ´ iV pxqψpt, xq

˙

ψpt, xq dx

“ 2Re

ˆ

i

2

ż

Rd
∆xψpt, xqψpt, xq dx ´ i

ż

Rd
V pxq|ψpt, xq|

2 dx

˙

(16)

The last summand obviously has real part zero as V is real-valued and thus the number
appearing there is purely imaginary. In the first part we can integrate by parts and (assuming
that we are allowed to do so without boundary parts) we may rewrite

i

2

ż

Rd
∆xψpt, xqψpt, xq dx “ ´

i

2

ż

Rd
∇xψpt, xq ¨ ∇xψpt, xq dx “ ´

i

2

ż

Rd
|∇xψpt, xq|

2 dx,

which is also purely imaginary. Using this in (16) yields d
dt

ş

Rd |ψpt, xq|2 dx “ 0. The derivation
however has quite some mathematical flaws
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• We do not know if we are allowed to interchange derivative and integral in the first
step.

• We would like to think about ψ as some irregular L2-function and we do not know for
which t, x pt, xq ÞÑ ψpt, xq possesses derivatives in the classical sense.

• We have integrated by parts without boundary terms. Is this really justified?

All of these questions can not be answered before making appropriate sense of how one is
supposed to read the equation for irregular initial data ψ0 P L2pRd;Cq. We will pursue this
in the coming chapters.

3.1 The free Schrödinger equation

To make sense of the above equation we first focus on the simplest possible case, that is
V ” 0 (i.e. a free particle). In particular, the Schrödinger equation takes the form

i
B

Bt
ψpt, xq `

1

2
∆xψpt, xq “ 0. (17)

The operator T “ iBt ` 1
2
∆x has constant coefficients, which means that it must possess a

fundamental solution (see Theorem 9.2 in Part II of the lecture). We will also determine this
fundamental solution subsequently. To develop an understanding of (17) we first look see
what happens with smooth solutions. Assume for the moment that ψ is smooth in t and x
and ψpt, ¨q P SpRd;Cq for all t P R. Moreover we define ψ0 :“ ψp0, ¨q P SpRd;Cq. We may
then form the Fourier transform in the x-Variable

ψ̂pt, pq :“
1

p2πq
d
2

ż

Rd
ψpt, xqe´ip¨x dx, (18)

where p “ pp1, ..., pdq P Rd. If we further assume that B

Bt
ψpt, ¨q P SpRd;Cq we may switch time

derivative and integral (Left to the reader as an exercise!). We compute for t P R and p P Rd

i
B

Bt
ψ̂pt, pq “

1

p2πq
d
2

ż

Rd
i

B

Bt
ψpt, xqe´ip¨x dx (19)

Using the Schrödinger equation in (19) and integrations by parts this yields

i
B

Bt
ψ̂pt, pq “ ´

1

2

1

p2πq
d
2

ż

Rd
∆xψpt, xqe´ip¨x dx “ ´

1

2

1

p2πq
d
2

ż

Rd

d
ÿ

i“1

B2

Bx2i
ψpt, xqe´ip¨x dx

“ ´
1

2

1

p2πq
d
2

d
ÿ

i“1

ż

Rd

B2

Bx2i
ψpt, xqe´ip¨x dx “ ´

1

2

1

p2πq
d
2

d
ÿ

i“1

ż

Rd
ψpt, xq

B2

Bx2i
e´ip¨x dx

“ ´
1

2

1

p2πq
d
2

d
ÿ

i“1

ż

Rd
ψpt, xqp´iq2p2i e

´ip¨x dx “
1

2

1

p2πq
d
2

d
ÿ

i“1

p2i

ż

Rd
ψpt, xqe´ip¨x dx

“
1

2
|p|

2 1

p2πq
d
2

ż

Rd
ψpt, xqe´ip¨x dx “

1

2
|p|

2ψ̂pt, pq.
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Multiplying by ´i we obtain

B

Bt
ψ̂pt, pq “ ´

i

2
|p|

2ψ̂pt, pq

If one fixes some p P Rd, this yields an ODE for fptq :“ ψ̂pt, pq, namely f 1ptq “ ´ i
2
|p|2fptq.

Each solution of this is given by fptq “ ce´ i
2

|p|2t for some c P R.1 We obtain

ψ̂pt, pq “ ce´ i
2

|p|2t. (20)

The constant c can easily be found when looking at t “ 0. Indeed, for t “ 0 the right hand
side yields c and the left hand side yields

ψ̂p0, pq “
1

p2πq
d
2

ż

R
ψp0, xqe´ip¨x dx “

1

p2πq
d
2

ż

R
ψ0pxqe´ip¨x dx “ Fpψ0q

Therefore, (20) yields
ψ̂pt, pq “ e´ i

2
|p|2tFpψ0qppq.

Recall that ψ̂pt, ¨q P SpRd;Cq. Hence we can apply the backtansform F´1 to retrieve the
original function ψ. More precisely

ψpt, ¨q “ F´1
´

e´ i
2

|¨|2tFpψ0q

¯

. (21)

If one inspects these calculations more closely we see that we have shown

Proposition 3.1.1 — Solutions for Initial-Data in S
Let ψ0 P SpRd;Cq. Then there exists a smooth solution ψ : R ˆ Rd Ñ C to (17) that
satisfies ψp0, ¨q “ ψ0 and ψpt, ¨q P SpRd;Cq, B

Bt
ψpt, ¨q P SpRd;Cq for all t P R. It is explicitly

given by
ψpt, xq “ F´1

´

e´ i
2

|¨|2tFpψ0q

¯

pxq

The details are left as an exercise. The question we now would like to address is: Can we solve
the Schrodinger equation for less regular initial data ψ0? In order to address this question
one could first observe that the expression on the right hand side of (21) makes sense even for
less regular values of ψ0. Indeed, if e.g. ψ0 P L2pRd;Cq then Fpψ0q P L2pRd;Cq and therefore
e´ i

2
|¨|2tFpψ0q P L2pRd;Cq for any t P R. This allows us to apply F´1 since F is a bijection

on L2 (cf. Theorem a). The big problem is that for ψ0 P L2, ∆xψ0 does not make sense a a
function and thus (17) can not make sense already at t “ 0. And even if it would make sense

1For those who are not familiar with that: It its readily seen as follows. Suppose that f P C8pRq satisfies
f 1ptq “ ´ i

2 |p|2fptq for all t P R. We define gptq :“ e
i
2 |p|

2tfptq and compute that

g1ptq “ i
2 |p|2e

i
2 |p|

2tfptq ` e
i
2 |p|

2tf 1ptq “ i
2 |p|2e

i
2 |p|

2tfptq ` e
i
2 |p|

2tp´ i
2 |p|2fptqq “ 0,

for all t P R and obtain that g must be constant, i.e. gptq “ c for some c P R. Now note that fptq “

e´ i
2 |p|

2tgptq “ e´ i
2 |p|

2tc and conclude the claim.
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the previous derivation can not be repeated as the representation formula (18) was used and
this does not apply to all functions in L2. How do we overcome these problems? The answer
is: distributions!
Thankfully, we have already talked about derivatives in distributional sense and can also give
a meaning to (17) if ψ is only a distribution. We shall do this in the next paragraph.

3.1.1 Distributional Solutions

We intend to give a meaning to (17) for distributions. Before we had for each t P R a function
ψpt, ¨q P SpRd;Cq. Now, we would like for each t P R a distribution ψt P S 1pRd;Cq. In
particular, we view this now was a mapping ψ : R Ñ S 1pRd;Cq, t ÞÑ ψt.

Definition 3.1.2 — Distributional solutions of the Schrödinger equation

We say that ψ : R Ñ S 1pRd;Cq, t ÞÑ ψt is a distributional solution of the free Schrödinger
equation if for all φ P SpRd;Cq the map t ÞÑ ψtpφq is differentiable from R to C and for all
t P R we have

i
d

dt
ψtpφq “ ´

1

2
p∆ψtqpφq for all φ P SpRd;Cq, (22)

where ∆ψt denotes the distributional Laplacian of ψt, i.e. p∆ψtqpφq :“ ψtp∆φq.

Remark 3.1.3 — Continuity in Time

We would like to stress at this point that each distributional solution ψ : R Ñ S 1pRd;Cq in
the sense of Definition 3.1.2 is depends continuously on time. More precisely: If ptnqnPN Ď R
is such that tn

nÑ8
ÝÝÝÑ

R
t, we have ψtn

nÑ8
ÝÝÝÝÝÑ
S1pRd;Cq

ψt.

This is easily seen as follows: Let tn
nÑ8
ÝÝÝÑ

R
t. To show that ψtn

nÑ8
ÝÝÝÝÝÑ
S1pRd;Cq

ψt we must prove

that for each φ P SpRd;Cq we have ψtnpφq
nÑ8
ÝÝÝÑ

C
ψtpφq p˚q, see also Chapter 1.3.4 of

part I of the lecture. However, since the map t ÞÑ ψtpφq is differentiable, it must also be
continuous. This implies p˚q directly.

In this section we prove the following theorem about the existence of distributional solutions
22.06.2026

Theorem 3.1.4 — Distributional solutions — Existence and Uniqueness

Let ψ0 P S 1pRd;Cq. Then there exists a unique distributional solution ψ : R Ñ

S 1pRd;Cq, t ÞÑ ψt of the free Schrödinger equation that attains the value ψ0 at t “ 0. It is
given by the formula

ψt “ F´1
pe´ i

2
|¨|2tFpψ0qq for all t P R,
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(this means that for each φ P SpRd;Cq and t P R we have

ψtpφq “ ψ0pF´1
pe´ i

2
|¨|2tFφqq

Proof.

Step 1. Existence.

Let ψ0 P S 1pRd;Cq. Define for t P R the tempered distribution ψt via

ψtpφq “ ψ0pF´1
pe´ i

2
|¨|2tFφqq for all φ P SpRd;Cq.

Next fix φ P SpRd;Cq. It needs to be shown that t ÞÑ ψtpφq is differentiable on R and (22)
holds. Concerning first the differentiability we form for h P Rzt0u

ψt`hpφq ´ ψtpφq

h
“ ψ0pF´1

p e
´ i

2 |¨|2h
´1

h
e´ i

2
|¨|2tFφqq

Now define fh : Rd Ñ C via fhppq :“ e´ i
2 |p|2h

´1
h

. One readily checks that for each
η P SpRd;Cq we have fhη

hÑ0
ÝÝÝÝÑ
SpRd;Cq

´ i
2
| ¨ |2η as h Ñ 0. (Exercise!) Due to the fact that

F´1pψ0q is a tempered distribution (i.e. continuous with respect to SpRd;Cq-convergence)
and that η :“ e´ i

2
|¨|2tFφq lies in SpRd;Cq we find

lim
hÑ0

ψt`hpφq ´ ψtpφq

h
“ ψ0pF´1

p´ i
2
| ¨ |

2e´ i
2

|¨|2tFpφqq,

which yields the differentiability of t ÞÑ ψtpφq and

d

dt
ψtpφq “ ψ0pF´1

p´ i
2
| ¨ |

2e´ i
2

|¨|2tFpφqq. (23)

Moreover one readily checks that ´|p|2Fφppq “ Fp∆φqppq for all p P Rn (this is a
straightforward consequence of Remark 2.2.8 since φ P SpRd;Cq is a Schwartz function).
This and (23) yield

d

dt
ψtpφq “

i

2
ψ0pF´1

pe´ i
2

|¨|2tFp∆φqq “
i

2
ψtp∆φq “

i

2
p∆ψtqpφq.

Multiplying with i implies

i
d

dt
ψtpφq “ ´

1

2
p∆ψtqpφq.

Existence is shown.

Step 2. Uniqueness.
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If we have two solutions with the same initial value ψ0 we can subtract them from each
other and obtain a solution with initial value 0 P S 1pRd;Cq. All we now have to show
is that each distributional solution ψ : R Ñ S 1pRd;Cq with initial value ψ0 “ 0 vanishes
identically. Let ψ : R Ñ S 1pRd;Cq, t ÞÑ ψt be such a solution.

Intermediate Claim. Let τ P R and θ P SpRd;Cq. Then there exists a smooth function
η : R ˆ Rd Ñ C such that η solves the so-called adjoint equation
#

i B

Bt
ηpt, xq “ `1

2
∆ηpt, xq t P R, x P Rd

ηpτ, ¨q “ θ
. Moreover, for each t P R we have

ηpt, ¨q, B

Bt
ηpt, ¨q P SpRd;Cq. Furthermore, for each t P R there holds

ηpt`h,¨q´ηpt,¨q
h

hÑ0
ÝÝÝÝÑ
SpRd;Cq

Bη
Bt

pt, ¨q. Furthermore we have ηpt`h,¨q´ηpt,¨q
h

SpRd;Cq
ÝÝÝÝÑ

Bη
Bt

as h Ñ 0 and

Bη
Bt

pt ` h, ¨q
hÑ0

ÝÝÝÝÑ
SpRd;Cq

Bη
Bt

pt, ¨q.

This intermediate claim is readily established. Indeed, one can define

η : R ˆ Rd
Ñ C, ηpt, xq :“ F´1

pe
i
2

|¨|2pt´τqFθqpxq

and easily calculate that this has all the desired properties (tedious but all doable, compare
also to exercise sheet 2 question 2).

We now wish to calculate d
dt
ψtpηpt, ¨qq. This is nontrivial since we now have to dependencies

on t. To this end we observe that for h P Rzt0u

ψt`hpηpt ` h, ¨qq ´ ψtpηpt, ¨qq

h
“
ψt`hpηpt, ¨qq ´ ψtpηpt, ¨qq

h
` ψt`h

ˆ

ηpt ` h, ¨q ´ ηpt, ¨q

h

˙

.

(24)

We now discuss the behavior of both summands in (24) separately.

(1) First summand in (24).

Letting h Ñ 0 the first summand tends to p d
dt
ψtqpηpt, ¨qq “ i

2
ψtp∆ηpt, ¨qq, where we have

used the distributional Schrödinger equation in the last step.

(2) Second summand in (24).

The behavior of the second summand is not so easy to study since we have still two
dependencies on h. We will however be able to do this with Lemma 3.1.5 (see below,
a refinement of Theorem 1.3.7. in Part I of the lecture). Let phnqnPN be any sequence
that converges to 0 and define Ln :“ ψt`hn P S 1pRd;Cq and φn :“ ηpt`hn,¨q´ηpt,¨q

hn
. To
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check the prerequisites of Lemma 3.1.5 we fix some arbitrary φ P SpRd;Cq and form
supnPN |Lnφ| “ supnPN |ψt`hnpφq|. Now, since pt ` hnqnPN is a bounded sequence we find
someK Ă R compact such that pt`hnqnPN Ď K Since t ÞÑ ψtpφq is a differentiable (and thus
continuous) we obtain supnPN |ψt`hnpφq| ď supt1PK |ψt1pφq| ă 8, since continuous functions
attain maxima on compact sets. Now recall from Remark 3.1.3 that Ln “ ψt`hn

nÑ8
ÝÝÝÝÝÑ
S1pRd;Cq

ψt “: L and from the intermediate claim that φn “
ηpt`hn,¨q´ηpt,¨q

hn

nÑ8
ÝÝÝÝÑ
SpRd;Cq

Bη
Bt

pt, ¨q “: φ.

Lemma 3.1.5 therefore applies and yields

lim
nÑ8

ψt`hn

ˆ

ηpt ` hn, ¨q ´ ηpt, ¨q

hn

˙

“ lim
nÑ8

Lnφn “ Lφ “ ψtp
Bη
Bt

pt, ¨qq.

Since phnqnPN, hn
nÑ8
ÝÝÝÑ 0 was arbitrary we obtain

lim
hÑ0

ψt`h

ˆ

ηpt ` h, ¨q ´ ηpt, ¨q

h

˙

“ ψtp
Bη
Bt

pt, ¨qq.

(3) Passage to the limit in (24).

We can now finally pass to the limit in both summands of (24) and obtain

d

dt
ψtpηpt, ¨qq “ i

2
ψtp∆ηpt, ¨qq ` ψtp

B

Bt
ηpt, ¨qq.

The intermediate claim implies that B

Bt
ηpt, ¨q “ ´ i

2
∆ηpt, ¨q, so that

d

dt
ψtpηpt, ¨qq “ i

2
ψtp∆ηpt, ¨qq ` ψtp´ i

2
∆ηpt, ¨qq “ 0,

by linearity of ψt. Hence t ÞÑ ψtpηpt, ¨qq is constant. Note that due to the fact that ψ0 “ 0
we have that at t “ 0 the value zero is attained and we conclude

@t P R : ψtpηpt, ¨qq “ 0.

Now we look at the value t “ τ and conclude

0 “ ψτ pηpτ, ¨qq “ ψτ pθq.

Since θ P SpRd;Cq was arbitrary we conclude that ψτ “ 0 (as a tempered distibution).
Since also τ P R was arbitrary we conclude that ψ ” 0. Uniqueness is shown.

The above proof has used the following lemma which we state for the sake of completeness.

Lemma 3.1.5

Let pLnqnPN Ă S 1pRd;Cq be a sequence of tempered distributions and pφnqnPN Ă SpRd;Cq.
Further let L P S 1pRd;Cq and φ P SpRd;Cq. Then if Ln

nÑ8
ÝÝÝÝÝÑ
S1pRd;Cq

L and φn
nÑ8

ÝÝÝÝÑ
SpRd;Cq

φ, we
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have Lnφn
nÑ8
ÝÝÝÑ

C
Lφ as n Ñ 8

Proof. Let pLnqnPN, pφnqnPN, L, φ be as in the statement. Before we start the proof we
would like to mention the following fact. Since for each η P SpRd;Cq we have Lnη

nÑ8
ÝÝÝÑ Lη

we have
@η P SpRd;Cq : sup

nPN
|Lnη| ă 8. (25)

The rest of the proof is subdivided in two steps.

Step 1. We first prove the claim for φ “ 0. In particular we need to prove Lnφn
nÑ8
ÝÝÝÑ

C
0

as n Ñ 8.

Assume the opposite, then one can find a subsequence pmnq Ď N and c ą 0 such that
|Lmnφmn | ě c for all n P N. To make notation simpler we redefine in the following
Ln “ Lmn and φn “ φmn (with slight abuse of notation). In particular, there exists c ą 0
such that

|Lnφn| ě c @n P N. (26)

Since φn
nÑ8

ÝÝÝÝÑ
SpRd;Cq

0 we have for each multiindexa α and m P N

sup
xPRd

|x|
m

|Dαφnpxq|
nÑ8
ÝÝÝÑ 0.

In particular we find pℓ
p1q
n qnPN Ď N such that for all multiindices α withb |α| ď 1 we have

sup
xPRd

p1 ` |x|q|Dαφ
ℓ

p1q
n

pxq| ď
1

4n

We further find a subsequence pℓ
p2q
n qnPN Ď pℓ

p1q
n qnPN such that for all multiindices α with

|α| ď 2 we have

sup
xPRd

p1 ` |x|q
2
|Dαφ

ℓ
p2q
n

pxq| ď
1

4n

This yields nested subsequences pℓ
pmq
n qnPN Ď pℓ

pm´1q
n qnPN Ď ... Ď pℓ

p1q
n qnPN with the property

sup
|α|ďm

sup
xPRd

p1 ` |x|
m

q|Dαφ
ℓ

pmq
n

pxq| ď
1

4n

Using a diagonal trick, i.e. considering ℓn :“ ℓ
pnq
n we can find a subsequence pℓnqnPN such

that for all n P N
sup

|α|ďn

sup
xPRd

p1 ` |x|q
n
|Dαφℓnpxq| ď

1

4n
.
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Now define ψℓn :“ 2nφℓn . Then

sup
|α|ďn

sup
xPRd

p1 ` |x|q
n
|Dαψℓnpxq| ď

1

2n
. (27)

In particular ψℓn
nÑ8

ÝÝÝÝÑ
SpRd;Cq

0. Moreover, by (26) we have |Lℓnψℓn |
nÑ8
ÝÝÝÑ 8 p˚q. For n P N

define also cn :“ sup
mPN

|Lmψℓn | (which is finite due to (25)). Now choose k1 ą 1 such that

• |Lℓk1ψℓk1 | ą c1 ` 1 ` 1 (which can be found due to p˚q) and

• |Lℓ1ψℓk1 | ă 1
2

(which can be achieved since ψn
nÑ8

ÝÝÝÝÑ
SpRd;Cq

0).

Next choose k2 ą k1 such that

• |Lℓk2ψℓk2 | ą c1 ` ck1 ` 2 ` 1 (which can be found due to p˚q and

• |Lℓ1ψℓk2 | ă 1
4

and |Lℓk1ψℓk2 | ă 1
2

(which can be achieved since ψn
nÑ8

ÝÝÝÝÑ
SpRd;Cq

0).

Next choose k3 ą k2 such that

• |Lℓk3ψℓk3 | ą c1 ` ck1 ` ck2 ` 3 ` 1 (which can be found due to p˚q and

• |Lℓ1ψℓk3 | ă 1
8

and |Lℓk1ψℓk3 | ă 1
4

and |Lℓk2ψℓk3 | ă 1
2

(which can be achieved since
ψn

nÑ8
ÝÝÝÝÑ
SpRd;Cq

0).

Inductively obtain a subsequence pknqnPN0 , such that k0 “ 1 and

pIq |Lℓknψℓkn | ě

n´1
ÿ

j“1

ckj ` n ` 1,

pIIq @j “ 1, ..., n ´ 1 : |Lℓkjψℓkn | ď
1

2n´j
(28)

Next define
ψ :“

ÿ

mě1

ψℓkm

We leave it as an exercise to show that this series converges and ψ P SpRd;Cq (this is

based on (27)). Moreover we leave it as an excercise to show that
s

ř

m“1

ψℓkm
sÑ8

ÝÝÝÝÑ
SpRd;Cq

ψ. As

a result of this we obtain for any n P N

Lℓkn pψq “

8
ÿ

m“1

Lℓkn pψℓkm q “

n´1
ÿ

m“1

Lℓkn pψℓkm q ` Lℓkn pψℓkn q `

8
ÿ

m“n`1

Lℓkn pψℓkm q (29)
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Now (II) in (28) yields

8
ÿ

m“n`1

|Lℓkn pψℓkm q| ď

8
ÿ

m“n`1

1

2m´n
“

8
ÿ

m“1

1

2m
“ 1.

This and the inverse triangle inequality in (29) yield

|Lℓkn pψq| ě |Lℓkn pψℓkn q| ´

n´1
ÿ

m“1

|Lℓkn pψℓkm q| ´

8
ÿ

m“n`1

|Lℓkn pψℓkm q|

ě |Lℓkn pψℓkn q| ´

n´1
ÿ

m“1

|Lℓkn pψℓkm q| ´ 1. (30)

Now note that due to (I) in (28) and the definition of cn we have

|Lℓknψℓkn | ě

n´1
ÿ

j“1

ckj ` n ` 1 ě

n´1
ÿ

j“1

|Lℓkn pψℓkj q| ` n ` 1

Using this in (30) we obtain

|Lℓkn pψq| ě

n´1
ÿ

j“1

|Lℓkn pψℓkj q| ` n ` 1 ´

n´1
ÿ

m“1

|Lℓkn pψℓkm q| ´ 1 “ n.

This yields in particular that supkPN |Lkψ| “ 8, contradicting (25).

Step 2. We now show the claim for general φ.

Suppose that φn
nÑ8

ÝÝÝÝÑ
SpRd;Cq

φ. Then φn ´ φ
nÑ8

ÝÝÝÝÑ
SpRd;Cq

0. Step 1 implies

Lnpφn ´ φq
nÑ8
ÝÝÝÑ

C
Lp0q “ 0 (31)

Now
Lnφn ´ Lφ “ Lnφn ´ Lnφ ` Lnφ ´ Lφ “ Lnpφn ´ φq ` rLnφ ´ Lφs.

The first summand converges to zero by (31). The last summand converges to zero as
Ln

nÑ8
ÝÝÝÝÝÑ
S1pRd;Cq

L.

aA multiindex is a vector in Nd
0. For α “ pα1, ..., αd and f P C8pRdq we set Dαf :“ B

α1
1 ...Bαd

d f .
bFor a multiindex α P Nd

0 we set |α| :“ α1 ` ...` αd

3.1.1.1 Square integrability We have now discussed how initial value problems for
irregular initial values can be understood — even for initial values ψ0 P S 1pRd;Cq and not
just in L2pRd;Cq. Since however only functions in L2pRd;Cq are physical we will be relieved
after deriving the following proposition
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Proposition 3.1.6 — Square Integrability

Let ψ0 P L2pRd;Cq and let ψ : R Ñ S 1pRd;Cq be the unique distributional solution of the
free Schrödinger equation with initial datum ψ0 (interpreted as a tempered distribution by
means of (9)). Then ψt P L2pRd;Cq for all t P R.a

aRigorously speaking we should better say ψt “ Lf for some f P L2pRd;Cq. We will leave this out for
now and identify any f P L2pRd;Cq with its associated tempered distribution Lf P S 1pRd;Cq in the sense
of (9). This way we have L2pRd;Cq Ď S 1pRd;Cq.

For this reason we will from now on often think about ψ as a map from R to L2pRd;Cq and
write ψ : R Ñ L2pRd;Cqq instead of ψ : R Ñ S 1pRd;Cqq (but of course only provided that
ψ0 P L2pRd;Cq)

Proof. We use the explicit formula in Theorem 3.1.4, that is

ψt “ F´1
pe´ i

2
|¨|2tFpψ0qq for all t P R.

If ψ0 P L2pRd;Cq, then Fpψ0q P L2pRd;Cq (cf. Theorem a). Since for each t P R and
p P Rd the complex number e´ i

2
|p|2t has complex absolute value 1, it is clear that for each

t P R also e´ i
2

|¨|2tFpψ0q lies in L2pRd;Cq for each t P R. Since also F´1 maps L2-functions
to L2 functions we obtain for each t P R that

ψt “ F´1
pe´ i

2
|¨|2tFpψ0qq P L2

pRd;Cq.

The claim is shown.

We have now settled the question of existence and uniqueness for (distributional) solutions of
the Schrödinger equation with initial data in L2pRd;Cq. The french mathematician Jacques
Hadamard formulated in 1902 what is means for a problem to be well-posed. According to
him, there are three properties that well-posed problems has to satisfy

(i) There exists a solution,

(ii) The solution has to be unique,

(iii) The solution depends continuously on the initial data.

Given that (i) and (ii) are settled for our problem, we now turn to (iii).

Proposition 3.1.7 — Continuous Dependence

Let ψ0, ψ̃0 P L2pRd;Cq. Let ψ, ψ̃ : R Ñ L2pRd;Cq be the unique distributional solutions to
the free Schrödinger equation with initial values ψ0, ψ̃0 (respectively). Then for all t P R
we have

∥ψt ´ ψ̃t∥L2 “ ∥ψ0 ´ ψ̃0∥L2 .
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Proof. Again we use that for each t P R

ψt “ F´1
pe´ i

2
|¨|2tFpψ0qq, ψ̃t “ F´1

pe´ i
2

|¨|2tFpψ̃0qq,

so that (by linearity of F ,F´1)

ψt ´ ψ̃t “ F´1
pe´ i

2
|¨|2tFpψ0 ´ ψ̃0qq.

Using that F ,F´1 and the mutiplication with e´ i
2

|¨|2t are unitarya in L2pRd;Cq, we may
compute

∥ψt ´ ψ̃t∥L2 “ ∥Fpψt ´ ψ̃tq∥L2 “ ∥e´ i
2

|¨|2tFpψ0 ´ ψ̃0q∥L2 “ ∥Fpψ0 ´ ψ̃0q∥L2 “ ∥ψ0 ´ ψ̃0∥L2 .

aHere, a map T : L2pRd;Cq Ñ L2pRd;Cq is unitary if ∥Tf∥L2 “ ∥f∥ for all f P L2pRd;Cq. That
F ,F´1 are unitary follows from . For the multiplication operator we compute for any f P L2pRd;Cq

ż

Rd

|e´ i
2 |p|

2tfppq|2 dp “

ż

Rd

|e´ i
2 |p|

2t|2 |fppq|2 dp “

ż

Rd

|fppq|2 dp

and infer that the multiplication with e´ i
2 |¨|

2t| does not change the L2-norm.

Remark 3.1.8

An important special case is ψ̃0 “ 0 (i.e. also ψ̃ “ 0)a. We conclude: If ψ0 P L2pRd;Cq

is arbitrary and ψ : R Ñ L2pRd;Cq is the unique distributional solution to the free
Schrödinger equation with initial value ψ0, then for all t P R we have

∥ψt∥L2 “ ∥ψ0∥L2 .

This is important since ψ0 is a physical state function if and only if ∥ψ0∥L2 “ 1. The
above formula states that in this case also ψt is a physical state function for all t P R. In
particular we have now managed to replace the formal and unjustified computation in (16)
by a rigorous argument.

aNote that this uses the uniqueness part in Theorem 3.1.4

Another question in the context of square integrability concerns attainment of the initial
value ψ0. Let ψ0 P L2pRd;Cq and let ψ : R Ñ L2pRd;Cq be the unique distributional solution
of the free Schrödinger equation with initial value ψ0. We know from 3.1.3 that

ψt
tÑ0
ÝÝÑ ψ0 in S 1

pRd;Cq.

(Or, actually more precise Lψt
tÑ0
ÝÝÑ Lψ0 in L2pRd;Cq). What we however would like to have

is the following stronger statement

ψt
tÑ0
ÝÝÑ ψ0 in L2

pRd;Cq

We say then the initial datum is continuously attained in L2pRd;Cq or alternatively, the map
t ÞÑ ψt, seen as a map from R to L2pRd;Cq, is continuous at t “ 0.
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Proposition 3.1.9 — The inital datum is continuously attained in L2

Let ψ0 P L2pRd;Cq and ψ : R Ñ L2pRd;Cq be the unique distributional solution of the
free Schrödinger equation with initial datum ψ0. Then we have ψt

tÑ0
ÝÝÝÝÝÑ
L2pRd;Cq

ψ0.

Proof. For t P R we compute

∥ψt ´ ψ0∥2L2 “ ∥ψt∥2L2 ´ 2Repxψt, ψ0yq ` ∥ψ0∥2L2 “““““
Rem3.1.8

2∥ψ0∥2L2 ´ 2Repxψt, ψ0yq. (32)

Now let ε ą 0. Choose some η P C8
0 pRd;Cq such that ∥ψ0 ´ η∥L2 ă ε. Now we write

xψt, ψ0y “ xψt, ψ0 ´ ηy ` xψt, ηy. (33)

Now note that
xψt, ηy “

ż

Rd
ψtpxqηpxq dx “ Lψtpηq.

Given that by 3.1.3 ψt (identified always with Lψt) is continuous and η P C8
0 pR;Cq we

have
lim
tÑ0

xψt, ηy “ lim
tÑ0

Lψtpηq “ Lψ0pηq “

ż

Rd
ψ0pxqηpxq dx “ xψ0, ηy

For this reason we have together with (33)

lim sup
tÑ0

|xψt, ψ0y ´ xψ0, ηy| ď lim sup
tÑ0

|xψt, ψ0 ´ ηy| ď lim sup
tÑ0

∥ψt∥L2∥ψ0 ´ η∥L2

“““““
Rem3.1.8

∥ψ0∥L2∥ψ0 ´ η∥L2 ď ε∥ψ0∥L2 .

Going back to (32) we infer

lim sup
tÑ0

∥ψt ´ ψ0∥L2 ď 2∥ψ0∥2L2 ´ 2Repxψ0, ηyq ` 2ε∥ψ0∥L2

“ 2∥ψ0∥2L2 ´ 2Repxψ0, ψ0y ` xψ0, η ´ ψ0yq ` 2ε∥ψ0∥L2

“ 2∥ψ0∥2L2 ´ 2∥ψ0∥2 ´ 2Repxψ0, η ´ ψ0yq ` 2ε∥ψ0∥L2

ď 0 ` 2|xψ0, η ´ ψ0y| ` 2ε∥ψ0∥L2

ď 2∥ψ0∥L2∥η ´ ψ0∥L2 ` 2ε∥ψ0∥L2 ď 4ε∥ψ0∥L2 .

Letting ε Ñ 0 we infer lim sup
tÑ0

∥ψt ´ ψ0∥L2 “ 0 and hence the claim follows.

The fact that the initial datum is even continuously attained in L2pRd;Cq (provided that
ψ0 P L2pRd;Cq) allows us to forget about the distributional background of our notion of
solutions and develop the entire further theory purely in L2.
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3.1.2 The free propagator

Let ψ0 P SpRd;Cq. We have now already seen that we have a solution of the Schrödinger
equation ψ : R ˆ Rd Ñ C, given by Proposition 3.1.1 via

ψpt, xq “ F´1
pe´ i

2
|¨|2tFpψ0qqpxq. (34)

This solution is also unique (indeed, if there exists at most one distributional solution there
can also exist at most one classical solution). We now wish to express this solution in an
alternate form, which also gives rise to the precise shape of the fundamental solution, called
in this case the free propagator.

Proposition 3.1.10 — Free Propagator — I

Let ψ0 P SpRd;Cq and ψ : R ˆ Rd Ñ Rd be as in Proposition 3.1.1. Then for all t P Rzt0u

and x P Rd one has
ψpt, xq “

1

p2πitq
d
2

ż

Rd
e
i|x´y|2

2t ψ0pyq dy. (35)

Proof. Using (34) and the Fourier inversion formula (applicable as all the functions
appearing there are Schwartz functions) we find (with ψ̂0 :“ Fpψ0q)

ψpt, xq “ F´1
pe´ i

2
|¨|2tFpψ0qqpxq “

1

p2πq
d
2

ż

Rd
e´ i

2
|p|2tψ̂0ppqeip¨x dp.

Now note that ψ̂0 P SpRd;Cq. Due to this fact the absolute value of the integrand is
bounded by |ψ̂0| P L1. This and the dominated convergence theorem yield

ż

Rd
e´ i

2
|p|2tψ̂0ppqeip¨x dp “

ż

Rd
lim
εÑ0`

e´ε|p|2e´ i
2

|p|2tψ̂0ppqeip¨x dp

“ lim
εÑ0`

ż

Rd
e´ε|p|2e´ i

2
|p|2tψ̂0ppqeip¨x dp,

i.e. (replacing lim
εÑ0`

by lim
εÑ0

for notational convenience)

ψpt, xq “ lim
εÑ0

1

p2πq
d
2

ż

Rd
e´ε|p|2e´ i

2
|p|2tψ̂0ppqeip¨x dp “ lim

εÑ0

1

p2πq
d
2

ż

Rd
e´p i

2
t`εq|p|2eip¨xψ̂0ppq dp.

Now we also know that ψ̂0ppq “ 1

p2πq
d
2

ş

Rd
ψ0pyqe´ip¨y dy. Our goal is to use this in the

previous formula and switch the order of the two integrals appearing there by means of
Fubini’s theorem. Before doing so one has to ensure

pp, yq ÞÑ e´p i
2
t`εq|p|2eip¨xψ0pyqe´ip¨y is integrable on R2d.

This is readily checked since its absolute value is given by e´ε|p|2 |ψ0pyq|, which is integrable
as product of two integrable functions that depend on distinct variables (Exercise: Use
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Tonelli’s Theorem).a Using this we find

ψpt, xq “ lim
εÑ0

1

p2πq
d
2

ż

Rd
e´p i

2
t`εq|p|2eip¨xψ̂0ppq dp

“ lim
εÑ0

1

p2πqd

ż

Rd

ż

Rd
e´p i

2
t`εq|p|2eip¨xψ0pyqe´ip¨y dy dp

“ lim
εÑ0

1

p2πqd

ż

Rd

ż

Rd
e´p i

2
t`εq|p|2eip¨xψ0pyqe´ip¨y dp dy

“ lim
εÑ0

1

p2πqd

ż

Rd
ψ0pyq

ż

Rd
e´p i

2
t`εq|p|2e´ip¨py´xq dp dy. (36)

Now since for any ε ą 0 the map p ÞÑ ep´ i
2
t`εq|p|2 lies in SpRd;Cq we obtain

ż

Rd
e´p i

2
t`εq|p|2e´ip¨py´xq dp “ p2πq

d
2Fpe´p i

2
t`εq|¨|2

qpy ´ xq.

Using that for any α P C with Repαq ą 0 we have Fpe´|¨|2αq “ p2αq´ d
2 e´

|¨|2

4α (Exercise, cf.
also Step 1 in Proof of Theorem 4.5) we obtain (with α “ i

2
t ` ε , ε ą 0) that

ż

Rd
e´p i

2
t`εq|p|2e´ip¨py´xq dp “ p2πq

d
2

1

pit ` 2εq
d
2

e´
|y´x|2

2it`4ε .

Using this in (36) we obtain

ψpt, xq “ lim
εÑ0

1

p2πq
d
2

1

pit ` 2εq
d
2

ż

Rd
ψ0pyqe´

|y´x|2

2it`4ε dy. (37)

Now we need to let ε Ñ 0 inside the integral. It is clear that the pointwise limit of the
integrand is given by y ÞÑ ψ0pyqe´

|y´x|2

2it “ ψ0pyqei
|x´y|2

2t . To find an integrable dominating
function we estimate for y P Rd and ε ą 0

|ψ0pyqe´
|y´x|2

2it`4ε | “ |ψ0pyq|e´Rep
|y´x|2

2it`4ε
q

“ |ψ0pyq|e
´Rep

|y´x|2

4t2`16ε2
p4ε´2itqq

“ |ψ0pyq|e
´4ε|y´x|2

4t2`16ε2 ď |ψ0pyq|.

This now allows us to pass to the limit inside the integral in (37) and obtain

ψpt, xq “
1

p2πq
d
2

1

pitq
d
2

ż

Rd
ψ0pyqe´

|x´y|2

2it dy “
1

p2πitq
d
2

ż

Rd
ψ0pyqei

|x´y|2

2t dy.

The claim follows.
aObserve that this is the reason why we introduced the parameter ε at all: For ε “ 0 the resulting

expression is not integrable with respect to p.

The function that appears in (35) can be seen as a sort of fundamental solution of the free
Schrödinger equation (cf. Lecture 9 in Part II). Such a fundamental solution must exist by
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the Malgrange Ehrenpreis Theorem (Theorem 9.2 in Part II).

Definition 3.1.11 — Free Propagator

The function P0 : R ˆ Rd ˆ Rd Ñ R given by

P0pt; x, yq :“
1

p2πitq
d
2

ei
|x´y|2

2t

is called the free propagator.

The solution formula (35) holds so far only true for initial data in SpRd;Cq. As always we
would like to treat more irregular initial data in L2pRd;Cq. This can easily be studied by
means of Proposition 3.1.7. Indeed: Fix ψ0 P L2pRd;Cq arbitrary and let ψ : R Ñ L2pRd;Cq

be the unique distributional solution to the Schrödinger equation with initial value ψ0. Choose
pψ

pnq

0 qnPN Ă SpRd;Cq such that ψpnq

0
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

ψ0. Now, if ψpnq : R Ñ L2pRd;Cq is the unique

distributional solution with initial datum ψ
pnq

0 we have by Proposition 3.1.10 for any t P Rzt0u

@x P Rd : ψ
pnq

t pxq “
1

p2πitq
d
2

ż

R
e
i|x´y|2

2t ψ
pnq

0 pyq dy. (38)

Moreover, we know that

∥ψpnq

t ´ ψt∥L2 “ ∥ψpnq

0 ´ ψ0∥L2
nÑ8
ÝÝÝÑ 0,

that is ψpnq

t
nÑ8

ÝÝÝÝÝÑ
L2pRd,Cq

ψt. Summarized we can proceed for given ψ0 P L2pRd;Cq as follows

• Choose pψ
pnq

0 qnPN Ď SpRd;Cq such that ψpnq

0

L2pRd;Cq
ÝÝÝÝÝÑ ψ0

• Form for t P Rzt0u the expression on the right hand side of (38) and interpret it as a
function of x P Rd

• Figure out its L2-limit LIM
nÑ8

ψ
pnq

t . This is then ψt, the solution at time t with inital
value ψ0.

Remark 3.1.12 — Lack of Representation Formula

Unfortunately ψt can for general ψ0 P L2pRd;Cq not be expressed in such a nice formula
as in (35). This is readily checked: Suppose that ψ0 P L2pRd;CqzL1pRd;Cq (e.g. one could
choose ψ0pxq “ 1

1`|x|α
for some α P pd

2
, ds). Then the expression on the right hand side of

(35) is not well-defined, since

y ÞÑ

ˇ

ˇ

ˇ

ˇ

ei
|x´y|2

2t ψ0pyq

ˇ

ˇ

ˇ

ˇ

“ |ψ0pyq|,

is not integrable for any x P Rd. Hence the above approximation procedure will not end
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up in a nice formula.

With one further mild regularity on ψ0, a solution formula can however be obtained and
carries over from 3.1.10.

Theorem 3.1.13 — The Free Propagator — II

Suppose that ψ0 P L2pRd;Cq X L1pRd;Cq. Let ψ : R Ñ L2pRd;Cq be the unique distri-
butional solution of the free Schrödinger equation with initial datum ψ0. Then for each
t P Rzt0u there holds

ψtpxq “
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ0pyq dy for a.e. x P Rd.

From the next proof onwards we will denote for a set A Ă Rd the characteristic function
χA : Rd Ñ R to be given by

χApxq :“

#

1 x P A

0 x R A
.

Proof of Theorem 3.1.13. Let ψ0 P L1pRd;Cq X L2pRd;Cq be as in the statement and
let ψ : R Ñ L2pRd;Cq, t ÞÑ ψt be the unique distributional solution of the Schrödinger
equation with initial datum ψ0. We start with the following

Intermediate claim. There exists pψ
pnq

0 qnPN Ă SpRd;Cq such that ψpnq

0
nÑ8

ÝÝÝÝÝÑ
L1pRd;Cq

ψ0 and

ψ
pnq

0
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

ψ0.

We leave the details here as an exercise. Just a rough sketch: One readily checks that
ψ0χBnp0q

nÑ8
ÝÝÝÝÝÑ
L1pRd;Cq

ψ0 and ψ0χBnp0q
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

ψ0. Let next pφεqεą0 Ď C8
0 pRd;Cq be an

approximation to the identity in the sense of Part I Definition 1.3.9. Now, for each ε ą 0
one has that ψ0χBnp0q ˚ φε lies in C8

0 pRd;Cq Ă SpRd;Cq. Moreover, as ε Ñ 0 we have the
convergences ψ0χBnp0q ˚φε

εÑ0
ÝÝÝÝÝÑ
L1pRd;Cq

ψ0χBnp0q and ψ0χBnp0q ˚φε
εÑ0

ÝÝÝÝÝÑ
L2pRd;Cq

ψ0χBnp0q (these can

be obtained in a similar way as in exercise sheet 1 of part III, exercise 4). In particular we
can choose εn ą 0 such that

∥ψ0χBnp0q ˚ φεn ´ ψ0χBnp0q∥L1 ` ∥ψ0χBnp0q ˚ φεn ´ ψ0χBnp0q∥L2 ă
1

n
.

If we now choose ψpnq

0 :“ ψ0χBnp0q ˚ φεn we have

∥ψpnq

0 ´ψ0∥L1 ď ∥ψpnq

0 ´ψ0χBnp0q∥L1 `∥ψ0χBnp0q ´ψ0∥L1 ď
1

n
`∥ψ0χBnp0q ´ψ0∥L1

nÑ8
ÝÝÝÑ 0
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and

∥ψpnq

0 ´ψ0∥L2 ď ∥ψpnq

0 ´ψ0χBnp0q∥L2 `∥ψ0χBnp0q ´ψ0∥L2 ď
1

n
`∥ψ0χBnp0q ´ψ0∥L2

nÑ8
ÝÝÝÑ 0.

The intermediate claim follows.

Let pψ
pnq

0 qnPN be as in the intermediate claim. The unique distributional solution ψpnq of
the Schrödinger equation satisfies for t P Rzt0u and x P Rd

ψ
pnq

t pxq “
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ
pnq

0 pyq dy.

We now determine pointwise limits of the right hand side and (up to a subsequence) of the
left hand side. Let us first treat the right hand side. For x P Rd and t P Rzt0u we have

ˇ

ˇ

ˇ

ˇ

ˇ

1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ
pnq

0 pyq dy ´
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ0pyq dy

ˇ

ˇ

ˇ

ˇ

ˇ

“
1

p2π|t|q
d
2

ˇ

ˇ

ˇ

ˇ

ż

Rd
ei

|x´y|2

2t pψ
pnq

0 pyq ´ ψ0pyqq dy

ˇ

ˇ

ˇ

ˇ

ď
1

p2π|t|q
d
2

ż

Rd
|ei

|x´y|2

2t | |ψ
pnq

0 pyq ´ ψ0pyq| dy

“
1

p2π|t|q
d
2

ż

Rd
|ψ

pnq

0 pyq ´ ψ0pyq| dy “
1

p2π|t|q
d
2

∥ψpnq

0 ´ ψ0∥L1
nÑ8
ÝÝÝÑ 0.

Hence the right hand side converges pointwise to

x ÞÑ
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ0pyq dy. (39)

Now we look at the left hand side. First observe that by Proposition 3.1.7 we have

∥ψpnq

t ´ ψt∥L2 “ ∥ψpnq

0 ´ ψ0∥L2
nÑ8
ÝÝÝÑ 0,

that is ψpnq

t
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

ψt. By Proposition 2.3.17 in Analysis III there exists a subsequence

pℓnqnPN Ă N such that pψ
pℓnq

t qnPN converges pointwise a.e. to ψt, i.e. for a.e. x P Rd we have
lim
nÑ8

ψ
pℓnq

t pxq “ ψtpxq. However, for all such x P Rd the limit lim
nÑ8

ψ
pℓnq

t pxq must also equal
the expression in (39) (as we discussed before (39) and since subsequences of convergent
sequences are convergent). Uniqueness of limits in C yields that for a.e. x P Rd we have

ψtpxq “
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ0pyq dy.

From this theorem we can indeed obtain an integral representation, just with a slightly
different notion of integral
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Corollary 3.1.14

Suppose that ψ0 P L2pRd;Cq. Let ψ : R Ñ L2pRd;Cq be the unique distributional solution
of the Schrödinger equation with initial datum ψ0. Then for each t P Rzt0u we have

ψt “ LIM
mÑ8

1

p2πitq
d
2

ż

Bmp0q

ei
|p¨q´y|2

2t ψ0pyq dy

where LIM
mÑ8

is to be understood as L2-limit of functions in L2pRd;Cq

Proof. Let m P N. Define ψpmq

0 :“ χBmp0qψ0. Then ψpmq

0 P L2pRd;Cq X L1pRd;Cq as

ż

Rd
|ψ

pmq

0 pyq| dy “

ż

Bmp0q

|ψ0pyq| dy ď

d

ż

Bmp0q

1 dy

d

ż

Bmp0q

|ψ0pyq|2 dy

“
a

|Bmp0q|

d

ż

Bmp0q

|ψ0pyq|2 dy ď
a

|Bmp0q|

d

ż

Rd
|ψ0pyq|2 dy ă 8.

In particular, Theorem 3.1.13 implies that if ψpmq : R Ñ L2pRd;Cq is the unique distribu-
tional solution to the free Schrödinger equation with initial datum ψ

pmq

0 we have

ψ
pmq

t pxq “
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ
pmq

0 pyq dy “
1

p2πitq
d
2

ż

Bmp0q

ei
|x´y|2

2t ψ0pyq dy. (40)

Now we have

∥ψ0´ψ
pmq

0 ∥2L2 “

ż

Rd
|ψ0pxq´ψ0pxqχBmp0qpxq|

2 dx “

ż

Rd
|ψ0pxq|

2
|1´χBmp0qpxq|

2 dx
mÑ8
ÝÝÝÑ 0,

by the dominated convergence theorem (due to the fact that 1 ´ χBmp0q
mÑ8
ÝÝÝÑ
ptw

0 and the

fact that for all m P N we have |ψ0|
2|1 ´ χBmp0q|

2 ď |ψ0|2, which is integrable). Now,
Proposition 3.1.7 yields

∥ψt ´ ψ
pmq

t ∥L2 “ ∥ψ0 ´ ψ
pmq

0 ∥2L2
mÑ8
ÝÝÝÑ 0

so that by

ψt “ LIM
mÑ8

ψ
pmq

t “
(40)

LIM
mÑ8

1

p2πitq
d
2

ż

Bmp0q

ei
|p¨q´y|2

2t ψ0pyq dy

For later use we will actually give this expression a name: For ψ0 P L2pRd;Cq we define (for
a.e. x P Rd)

˜ż

Rd
ei

|x´y|2

2t ψ0pyq dy :“

„

LIM
mÑ8

ż

Bmp0q

ei
|p¨q´y|2

2t ψ0pyq dy

ȷ

pxq, (41)
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i.e. we take the L2-limit of the expression inside the brackets (which exists due to the previous
corollary) and evaluate it at x. This notatin will later be of use, when we talk about path
integrals.

3.1.3 Long time behavior

Now we have a formula for solutions of the Schrödinger equation in L2pRd;Cq X L1pRd;Cq.
We should now be interested in consequences of this formula. What can one really learn
about solutions if one has the representation with the free propagator? One thing that seems
very accessible now is long-time behavior, i.e. what happens to solutions as t Ñ 8. The
following is a relatively immediate consequence of Theorem 3.1.13.

Proposition 3.1.15 — Asymptotic behavior — I

Let ψ0 P L2pRd;Cq X L1pRd;Cq and let ψ : R Ñ L2pRd;Cq be the unique solution with
initial datum ψ0. Then

lim
tÑ8

∥ψt∥L8 “ 0.

Proof. Let t ą 0. And Nt Ă Rd be a Lebesgue null set such that

ψtpxq “
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ0pyq dy for all x P Rd
zNt.

(Note that such set Nt exists due to Theorem 3.1.13). Then for x P RdzNt we have

|ψtpxq| “
1

p2πtq
d
2

ˇ

ˇ

ˇ

ˇ

ż

Rd
ei

|x´y|2

2t ψ0pyq dy

ˇ

ˇ

ˇ

ˇ

ď
1

p2πtq
d
2

ż

Rd

ˇ

ˇ

ˇ

ˇ

ei
|x´y|2

2t ψ0pyq

ˇ

ˇ

ˇ

ˇ

dy “
1

p2πtq
d
2

ż

Rd
|ψ0pyq| dy.

This implies according to Proposition 2.3.2 in Ò Analysis III Lecture Notes

∥ψt∥L8 ď sup
xPRdzNt

|ψtpxq| ď
1

p2πtq
d
2

∥ψ0∥L1
tÑ8
ÝÝÝÑ 0.

This means in a certain sense that for ψ0 P L2pRd;Cq X L1pRd;Cq t ÞÑ ψt must spread out.
Indeed, the fact that t ÞÑ ∥ψt∥L8 is small means that ψt can only attain small values. The
fact that however t ÞÑ ∥ψt∥L2 “ ∥ψ0∥L2 is bounded below (unless ψ0 ‰ 0) means that these
small values must be attained on a larger set, to ensure that the L2-norm is constant.
We will now formulate with more mathematical precision what this spreading out means.
To this end we recall that for a function f P L1

locpR
d;Cq we say that a point x0 lies in the

non-support of f if there exists r ą 0 such that f |Brpx0q “ 0 Lebesgue almost everywhere.
The set of all points in the non-support of f is denoted by sptpfqC and its complement is
denoted sptpfq and called support of f . This notion is consistend with Definition 1.3.12 of
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part I in the sense that sptpfq “ supppLf q. Note that for a set K Ă Rd compact we have the
following statement

sptpfq Ď K ðñ f |RdzK “ 0 Lebesgue a.e.

We will now show that solution spread out in the sense that

Proposition 3.1.16

Suppose that ψ0 P L2pRd;Cq be such that there exists K Ă Rd such that sptpψ0q Ď K.
Let ψ : R Ñ L2pRd;Cq be the unique distributional solution to the Schrödinger equation.
Then either ψ0 “ 0 a.e. or for each compact set K 1 Ă Rd one can find a time t1 ą 0 such
that sptpψt1q X pK 1qC ‰ H.

Proof. Before we start with the proof notice that actually ψ0 P L1pRd;Cq XL2pRd;Cq (i.e.
ψ does not just lie in L2 but also in L1). Indeed, the Cauchy-Schwarz inequality yields

ż

Rd
|ψ0pyq| dy “

ż

K

|ψ0pyq| dy ď

d

ż

K

|ψ0pyq|2 dy
a

λdpKq ď
a

λdpKq∥ψ0∥L2 ă 8.

Now let’s begin with the proof. Suppose that sptpψtq Ă K 1 for all t ą 0. Then for all t ą 0
we have

∥ψ0∥2L2 “ ∥ψt∥2L2 “

ż

Rd
|ψtpxq|

2 dx

“

ż

K1

|ψtpxq|
2 dx ď

ż

K1

∥ψt∥2L8 dx “ ∥ψt∥2L8λdpK
1
q
tÑ8
ÝÝÝÑ 0,

where we used 3.1.15 in the last step. This yields ∥ψ0∥L2 “ 0 and thus ψ0 “ 0 a.e. In
particular, if “ψ0 “ 0 a.e.” is not true then there must exist t1 ą 0 such that sptpψtq Ć K 1.
The claim follows.

So far we had the restriction that the inital datum lies in L2pRd;Cq X L1pRd;Cq. We would
like to find asymptotics that hold for general intial data in L2pRd;Cq

Proposition 3.1.17

Let ψ0 P L2pRd;Cq. For t P Rzt0u define Lt : L2pRd;Cq Ñ L2pRd;Cq via

Ltpψ0qpxq :“
1

pitq
d
2

ei
|x|2

2t Fpψ0qpx
t
q a.e. x P Rd

Then the unique distributional solution ψ : R Ñ L2pRd;Cq with initial value ψ0 satisfies

lim
tÑ8

∥ψt ´ Ltpψ0q∥L2 “ 0.
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Proof. We first show this in the special case of ψ0 P SpRd;Cq. In this case we have for
x P Rd

ψtpxq ´ Ltpψ0qpxq “
1

p2πitq
d
2

ż

Rd
ei

|x´y|2

2t ψ0pyq dy ´
1

pitq
d
2

ei
|x|2

2t Fpψ0qpx
t
q

“
1

p2πitq
d
2

ˆ
ż

Rd
ei

|x´y|2

2t ψ0pyq dy ´ ei
|x|2

2t

ż

Rd
ψ0pyqe´iy¨x

t dy

˙

“
1

p2πitq
d
2

ż

Rd
ψ0pyq

ˆ

ei
|x´y|2

2t ´ eip
|x|2

2t
´
x¨y
t

q

˙

dy

“
1

p2πitq
d
2

ż

Rd
ψ0pyq

ˆ

ei
|x|2´2x¨y`|y|2

2t ´ eip
|x|2

2t
´
x¨y
t

q

˙

dy

“
1

p2πitq
d
2

ż

Rd
ψ0pyqei

|x|2

2t e´ix¨y
t

ˆ

ei
|y|2

2t ´ 1

˙

dy

“
1

pitq
d
2

ei
|x|2

2t
1

p2πq
d
2

ż

R
ψ0pyq

ˆ

ei
|y|2

2t ´ 1

˙

e´iy¨x
t dy “

1

pitq
d
2

ei
|x|2

2t Fpgtqpx
t
q,

where gt P SpRd;Cq is given by gtpyq :“ ψ0pyq

´

ei
|y|2

2t ´ 1
¯

(a). We infer that

∥ψt ´ Ltpψ0q∥2L2 “

ż

Rd
|ψtpxq ´ Ltpψ0qpxq|

2 dx “ 1
td

ż

Rd
|Fpgtqpx

t
q|
2 dx

Using the transformation Φ : Rd Ñ Rd, x ÞÑ x
t

and obeserving that detpDΦpxqq “

detp1
t
Idq “ 1

td
we find

∥ψt ´ Ltpψ0q∥2L2 “

ż

Rd
|Fpgtqppq|

2 dp “

ż

Rd
|gtpxq|

2 dx “

ż

Rd
|ψ0pxq|

2
ˇ

ˇei
|x|2

2t ´ 1
ˇ

ˇ

2
dq.

One readily checks that as t Ñ 8 the integrand converges to 0 pointwise. Moreover
ˇ

ˇ

ˇ
ei

|x|2

2t ´ 1
ˇ

ˇ

ˇ
ď |ei

|x|2

2t |`|1| “ 2, which is why the integrand is bounded above by x ÞÑ 4|ψ0pxq|2,
which is integrable on Rd as ψ0 P SpRd;Cq. We obtain therefore

lim
tÑ8

∥ψt ´ Ltpψ0q∥2L2 “ 0.

Next we study general initial data ψ0 P L2pRd;Cq. Let ψ0 P L2pRd;Cq and ε ą 0 be
arbitrary. An approximation result (cf. Sheet 1 Exercise 4 of part III) implies that
there exists ψ̃0 P C8

0 pRd;Cq with the property that ∥ψ0 ´ ψ̃0∥L2 ă ε. Note in particular
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that ψ̃0 P SpRd;Cq. Let ψ̃ : R Ñ L2pRd;Cq be the unique distributional solution to the
Schrödinger equation with initial datum ψ̃0. Then, according to Proposition 3.1.7

∥ψ̃t ´ ψt∥L2“ ∥ψ̃0 ´ ψ0∥L2ă ε.

Moreover,

∥Ltpψ̃0q ´ Ltpψ0q∥2L2 “ ∥Ltpψ̃0 ´ ψ0q∥2L2“ 1
td

ż

Rd
|Fpψ̃0 ´ ψ0qpx

t
q|
2 dx

“

ż

Rd
|Fpψ̃0 ´ ψ0qpyq|

2 dy “ ∥Fpψ̃0 ´ ψ0q∥2L2 “ ∥ψ̃0 ´ ψ0∥2L2 ă ε2,

so that
∥Ltpψ̃0q ´ Ltpψ0q∥L2 ă ε.

Hence we have

∥ψt ´ Ltpψ0q∥L2 “ ∥ψt ´ ψ̃t ` ψ̃t ´ Ltpψ̃0q ` Ltpψ̃0q ´ Ltpψ0q∥L2

ď ∥ψt ´ ψ̃t∥ ` ∥ψ̃t ´ Ltpψ̃0q∥L2`∥Ltpψ̃0q ´ Ltpψ0q∥L2

ď ε ` ∥ψ̃t ´ Ltpψ̃0q∥L2`ε.

Due to the fact that we have already shown the claim for Schwartz functions we have
limtÑ8∥ψ̃t ´ Ltpψ̃0q∥L2“ 0. Using this in te previous chain of inequalities yields

lim sup
tÑ8

∥ψt ´ Ltpψ0q∥L2 ď 2ε.

Since ε ą 0 was arbitary, we conclude

lim sup
tÑ8

∥ψt ´ Ltpψ0q∥L2 “ 0,

and hence also lim
tÑ8

∥ψt ´ Ltpψ0q∥L2 “ 0.

aAt this point one would actually have to check that the function g defined by the formula above
actually lies in SpRd;Cq. We leave this as an exercise.

3.2 Schrödinger equation with potentials

We have now understood the Schrödinger equation without potential. However, most
interesting physical systems do have a potential and therefore satisfy (15) with V ı 0.
However, if V ı 0 we have not even understood how to read (15) (since again L2-functions
do not necessarily have a derivative)! Since V is not constant, Fourier analysis techniques are
not immediately applicable, so the apporoach of the previous section can not be pursued.
We have to change our point of view.
Fix again ψ0 P L2pRd;Cq. Instead of describing the solution ψ : R Ñ L2pRd;Cq at a time t we
seek to describe the evolution operator Uptq : L2pRd;Cq Ñ L2pRd;Cq, which is the operator
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that safisfies
Uptqpψ0q “ ψpt, ¨q.

Why is that easier than describing ψ? Let us be inspired by the case V ” 0.
In this case, Remark 3.1.8 suggests that Uptq : L2pRd;Cq Ñ L2pRd;Cq is a bounded linear
operator defined on the whole of L2pRd;Cq. Even more, it is also an isometry of L2pRd;Cq!
Therefore, the operator Uptq is much easier to handle than operators involving derivatives,
which are not defined on the whole of L2pRd;Cq. This is why we now focus on the description
the operator family pUptqqtPR instead of the symbols in (15). We first seek to characterize
the family pUptqqtPR by its fundamental properties.

Definition 3.2.1 — Unitary one-parameter groups

A family pUptqqtPR of linear operators from L2pRd;Cq to L2pRd;Cq is called a stongly
continuous unitary one-parameter group (short: SCU-group) if the following holds

(U1) Isometry. For all t P R we have ∥Uptqφ∥L2 “ ∥φ∥L2 for all φ P L2pRd;Cq

(U2) Strong continuity. We have lim
tÑ0

∥Uptqφ ´ φ∥L2 “ 0 for all φ P L2pRd;Cq

(U3) Group Property. We have Up0q “ id and for all t, s P R we have Upt`sq “ Uptq˝Upsq.
We also leave out the ˝ for the sake of notational simplicity and write Upt ` sq “

UptqUpsq.

We will justify the Axioms (U1),(U2),(U3) by showing that they are satisfied by the free
propagator in the special case of V “ 0.

Example 3.2.2

Let t P R. We define a linear operator Uptq : L2pRd;Cq Ñ L2pRd;Cq as follows. For
φ P L2pRd;Cq we set

Uptqφ :“ pψφqt

where ψφ : R Ñ L2pRd;Cq, t ÞÑ pψφqt is the unique distributional solution to the free
Schrödinger equation with initial datum φ. We also recall from Theorem 3.1.4 that
Uptqφ “ F´1pe´ i

2
|¨|2tFpφqq for all t P R.

Claim. pUptqqtPR defines an SCU-group.

We leave it as an exercise to check that Uptq is a linear operator from L2pRd;Cq to itself.
Now we check all the three axioms.

Proof of (U1). Thanks to Remark 3.1.8 we have for each t P R

∥Uptqφ∥L2 “ ∥pψφqt∥L2 “ ∥pψφq0∥L2 “ ∥φ∥L2 .

The claim follows.
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Proof of (U2). Thanks to Proposition 3.1.9 we have

lim
tÑ0

∥Uptqφ ´ φ∥L2 “ lim
tÑ0

∥pψφqt ´ φ∥L2 “ lim
tÑ0

∥pψφqt ´ pψφq0∥L2 “ 0.

Proof of (U3). For t “ 0 we have

Up0qφ “ pψφq0 “ φ @φ P L2
pRd;Cq

It remains to show that for t, s P R we have Upt ` sq “ Uptq ˝ Upsq. To this end let
φ P L2pRd;Cq. Then

Upt ` sqφ “ pψφqt`s

One readily checks with definition 3.1.2 that t ÞÑ pψφqt`s is a distributional solution
of the free Schrödinger equation. As a result it is the unique distributional solution of
the free Schrödinger equation with initial datum pψφq0`s “ pψφqs “ Upsqφ. As a result
t ÞÑ Upt ` sqφ is the unique distributional solution of the free Schrödinger equation with
initial datum Upsqφ and hence coincides with t ÞÑ UptqpUpsqφq “ pUptq ˝ Upsqqφ.

There are some other helpful consequences of (U1),(U2),(U3)

Remark 3.2.3 — Invertibility

Let pUptqqtPR be an SCU-group. We claim that for all t P R the map Uptq : L2pRd;Cq Ñ

L2pRd;Cq is invertible in L2pRd;Cq and Uptq´1 “ Up´tq.

This is readily checked with (U3). One has

Uptq ˝ Up´tq “ Upt ` p´tqq “ Up0q “ id.

and similarly also
Up´tq ˝ Uptq “ Up´t ` tq “ Up0q “ id.

Remark 3.2.4 — Unitariness

While the word “unitary” appears in the name of an SCU-group it is not clear from the
axioms that for each t P R the operator Uptq : L2pRd;Cq Ñ L2pRd;Cq is unitary, i.e. for
each φ1, φ2 P L2pRd;Cq we have

xUptqφ1, Uptqφ2y “ xφ1, φ2y (42)

Proof of (42). This is similar to the proof of the intermediate claim in Proposition 2.2.12.
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First we compute

∥φ1 ` φ2∥2L2 ´ ∥φ1∥2L2´∥φ2∥2L2“ xφ1 ` φ2, φ1 ` φ2y ´ xφ1, φ1y ´ xφ2, φ2y

“ xφ1, φ1y ` xφ1, φ2y ` xφ2, φ1y ` xφ2, φ2y ´ xφ1, φ1y ´ xφ2, φ2y

“ xφ1, φ2y ` xφ2, φ1y “ xφ1, φ2y ` xφ1, φ2y

“ 2Repxφ1, φ2yq

Analogously we compute

∥Uptqφ1 ` Uptqφ2∥2L2 ´ ∥Uptqφ1∥2L2´∥Uptqφ2∥2L2“ 2RepxUptqφ1, Uptqφ2yq

This and (U1) implies

2RepxUptqφ1, Uptqφ2yq “ ∥Uptqφ1 ` Uptqφ2∥2L2 ´ ∥Uptqφ1∥2L2´∥Uptqφ2∥2L2

“ ∥Uptqpφ1 ` φ2q∥2L2 ´ ∥Uptqφ1∥2L2´∥Uptqφ2∥2L2

“
(U1)

∥φ1 ` φ2∥2L2 ´ ∥φ1∥2L2 ´ ∥φ2∥2L2 “ 2Repxφ1, φ2yq.

So, we already find
RepxUptqφ1, Uptqφ2yq “ Repxφ1, φ2yq.

Repeating the computation with iφ1 in place of φ1 we find

RepxUptqpiφ1q, Uptqφ2yq “ Repxiφ1, φ2yq,

i.e.
RepixUptqφ1, Uptqφ2yq “ Repixφ1, φ2yq.

This accounts for the fact that

ImpxUptqφ1, Uptqφ2yq “ Impxφ1, φ2yq,

which finishes the proof.

Not only the evolution operator of the Schrödinger equation has properties (U1),(U2),(U3).
There are multiple other examples of unitary one-parameter groups.

Example 3.2.5

Let d “ 1 and define the operator family pUptq : L2pR;Cq Ñ L2pR;CqqtPR as follows. For
φ P L2pRd;Cq and t P R we set

pUptqφqpxq :“ φpx ´ tq.

Claim. pUptqqtPR is an SCU-group.
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Note first that for any t P R the operator Uptq is well defined, as ψ P L2pR;Cq implies also
that ψp¨ ´ tq P L2pR;Cq (see also derivation of (U1)). Next we derive (U1),(U2),(U3).

• Ad (U1). For t P R and φ P L2pRd;Cq we have

∥Uptqφ∥2L2 “ ∥φp¨ ´ tq∥2L2 “

ż

R
|φpx ´ tq|

2 dx “

ż

R
|φpyq|

2 dy “ ∥φ∥2L2 ,

where we used the substituion y “ x ´ t in the second to last step. (U1) follows.

• Ad (U2). This is not as easy as it might appear. Indeed, we have to show that

lim
tÑ0

ż

R
|φpx ´ tq ´ φpxq|

2 dx “ 0 for all φ P L2
pR;Cq.

First assume that φ P C8
0 pR;Cq. Then clearly |φp¨ ´ tq ´ φp¨q|2 converges to zero

pointwise as t Ñ 0. Moreover, if n P N is such that sptpφq Ă p´n, nq we have for
each t P p´1, 1q that sptpφp¨ ´ tqq Ă p´pn ` 1q, pn ` 1qq. This implies that for all
t P p´1, 1q and x P R we have

|φpx ´ tq ´ φpxq|
2

ď 2max
R

|φ|χp´pn`1q,n`1qpxq.

Since the right hand side is independent of t and integrable, we have found a
dominating function and infer that

lim
tÑ0

ż

R
|φpx´tq´φpxq|

2 dx “

ż

R
lim
tÑ0

|φpx´tq´φpxq|
2 dx “

ż

R
0 dx “ 0 @φ P C8

0 pR;Cq.

We must now prove the same formula for arbitrary φ P L2pR;Cq. To this end let
ε ą 0. Recall from Exercise 4 on Sheet 1 in part III that there exists φε P C8

0 pR;Cq

such that ∥φ ´ φε∥L2 ă 1
2
ε. Now we have

∥Uptqφ ´ φ∥L2 “ ∥Uptqφ ´ Uptqφε ` Uptqφε ´ φε ` φε ´ φ∥L2

ď ∥Uptqφ ´ Uptqφε∥L2 ` ∥Uptqφε ´ φε∥L2 ` ∥φε ´ φ∥L2

“ ∥Uptqpφ ´ φεq∥L2 ` ∥Uptqφε ´ φε∥L2 ` ∥φε ´ φ∥L2

Using (U1) in the first summand we obtain

∥Uptqφ ´ φ∥L2 ď 2∥φε ´ φ∥L2 ` ∥Uptqφε ´ φε∥L2 ď 2 ¨ p1
2
εq ` ∥Uptqφε ´ φε∥L2

As a result we obtain

lim sup
tÑ0

∥Uptqφ ´ φ∥L2 ď ε ` lim sup
tÑ0

∥Uptqφε ´ φε∥L2 “ ε,
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where we have used in the last step that the claim is already shown for functions in
C8

0 pR;Cq. Since ε ą 0 was arbitrary we obtain that

lim sup
tÑ0

∥Uptqφ ´ φ∥L2 “ 0,

and (U2) follows.

• Ad (U3). This is relatively straightforward. For φ P L2pR;Cq and a.e. x P Rd we
have

ppUptq ˝ Upsqqφqpxq “ UptqpUpsqφqpxq

“ Uptqpφp¨ ´ sqqpxq “ φp¨ ´ sqpx ´ tq “ φpx ´ t ´ sq

“ φpx ´ pt ` sqq “ Upt ` sqpφqpxq.

The claim is shown

Before we close this section a warning: In the following we will often have to distinguish
between different types of limits of sequences of L2-functions. Recall that we have already
introduced a precise notation for the L2-limit: If pφnqnPN Ă L2pRd;Cq is a sequence of
functions we say LIM

nÑ8
φn “ φ if φn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

φ.

3.2.1 Generators

Our task in the following will be to find the one strongly continuous parameter group that is
associated to the Schrödinger equation. To this end we have to introduce the concept of a
generator.

Definition 3.2.6 — Generator

Let pUptqqtPR be an SCU-group. Define

DpHq :“ tφ P L2
pRd;Cq : p

Uphqφ´φ
h

qhPRzt0u has a limit in L2
pRd;Cq as h Ñ 0u

and call the operator H : DpHq Ñ L2pRd;Cq via

Hφ :“ i ¨ LIM
hÑ0

Uphqφ ´ φ

h

(where the limit LIM
hÑ0

is to be understood as L2´limit of functions in L2pRd;Cq) the
generator of pUptqqtPR.

The generator is exactly the right object if one wants to associate a PDE to a SCU-group.

Proposition 3.2.7

Let pUptqqtPR be an SCU-group with generator H : DpHq Ñ L2pRd;Cq. Further, let
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φ P DpHq. Then

(i) t ÞÑ Uptqφ is a differentiable map from R to L2pRd;Cq, i.e. there exists d
dt
Uptqφ :“

LIM
hÑ0

Upt`hqφ´Uptqφ
h

.

(ii) i d
dt
Uptqφ “ UptqHφ.

Proof. Let φ P DpHq and t P R be arbitrary. We must prove that the L2-limit

LIM
hÑ0

Upt ` hqφ ´ Uptqφ

h

exists. To this end note that

Upt ` hqφ ´ Uptqφ

h
“
UptqpUphqφq ´ Uptqφ

h
“ Uptq

ˆ

Uphqφ ´ φ

h

˙

Now observe that Uphqφ´φ
h

L2pRd;Cq
ÝÝÝÝÝÑ 1

i
Hφ as h Ñ 0. Since Uptq : L2pRd;Cq Ñ L2pRd;Cq is

continuous (as it is an isometry) we have

LIM
hÑ0

Uptq

ˆ

Uphqφ ´ φ

h

˙

“ Uptq

ˆ

LIM
hÑ0

Uphqφ ´ φ

h

˙

“ Uptqp1
i
Hφq “

1

i
UptqHφ.

This yields
d

dt
Uptqφ “ LIM

hÑ0

Upt ` hqφ ´ Uptqφ

h
“

1

i
UptqHφ

and hence the claim follows.

We discuss now some important basic properties of generators

Proposition 3.2.8

Let pUptqqtPR be an SCU-group with generator H : DpHq Ñ L2pRd;Cq. Then

(i) For each t P R we have UptqDpHq “ DpHq

(ii) For each φ P DpHq we have

rH,Uptqsφ :“ HUptqφ ´ UptqHφ “ 0

(iii) H is symmetric, i.e. for all φ1, φ2 P DpHq there holds

xHφ1, φ2y “ xφ1, Hφ2y.

55



Proof. We leave (i) as an exercise, which follows directly from (U3) and the definition of
DpHq. Ad (ii). Let φ P DpHq. Due to (i) we have Uptqφ P DpHq and thus

HUptqφ “ iLIM
hÑ0

UphqUptqφ ´ Uptqφ

h
“ iLIM

hÑ0

Upt ` hqφ ´ Uptqφ

h

“ iLIM
hÑ0

UptqUphqφ ´ Uptqφ

h
“ iLIM

hÑ0
Uptq

ˆ

Uphqφ ´ φ

h

˙

“ Uptq

ˆ

iLIM
hÑ0

Uphqφ ´ φ

h

˙

“ UptqHφ,

where we used the continuity of to operator Uptq : L2pRd;Cq Ñ L2pRd;Cq in the second-to
last step (which is true as isometries are always continous).

Ad (iii). Let φ1, φ2 P DpHq. Unitariness of Uptq yields (cf. Remark 3.2.4)

xφ1, φ2y “ xUptqφ1, Uptqφ2y.

Now we can take the t-derivative on both sides and obtain (with Proposition 3.2.7)

0 “
d

dt
xφ1, φ2y “

d

dt
xUptqφ1, Uptqφ2y

“ x d
dt
Uptqφ1, Uptqφ2y ` xUptqφ1,

d
dt
Uptqφ2y

“ x´iUptqHφ1, Uptqφ2y ` xUptqφ1,´iUptqHφ2y

“ ´ixUptqHφ1, Uptqφ2y ` ´ixUptqφ1, UptqHφ2y

“ ´ixUptqHφ1, Uptqφ2y ` ixUptqφ1, UptqHφ2y

“ i pxUptqφ1, UptqHφ2y ´ xUptqHφ1, Uptqφ2yq

“ i pxφ1, Hφ2y ´ xHφ1, φ2yq ,

where we used the unitariness from Remark 3.2.4 again in the last step. We infer that

xφ1, Hφ2y “ xHφ1, φ2y.

Remark 3.2.9 — Associated PDE to a SCU-Group

If we have a SCU-group pUptqqtPR with generator H : DpHq Ñ L2pRd;Cq given, and if we
fix some ψ0 P DpHq we may form the function ψ : R Ñ L2pRd;Cq, t ÞÑ Uptqψ0. We can
now compute

i
d

dt
ψ “ i

d

dt
Uptqψ0 “““““““

Prop 3.2.7 (ii)
UptqHψ0 “““““““

Prop 3.2.8 (ii)
HUptqψ0 “ Hψ.
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In particular we have a solution of

i
d

dt
ψ “ Hψ. (43)

This yields an associated equation to a strongly continous one parameter group.

By definition it is clear that a one parameter group determines its generator H : DpHq Ñ

L2pRd;Cq uniquely. Hence the associated equation (43) is also uniquely determined by the one
parameter group. But does also the generator H determine a one-parameter group uniquely?
The answer is (under certain conditions on H) yes! And this is very helpful. Indeed: This
allows us to go from an equation like (43) to the associated one parameter group pUptqqtPR.
This is a huge advantage since the equation (43) can only be written down for functions
in DpHq, while the one parameter group can be evaluated the the wole of L2pRd;Cq. An
important result in this direction is the following

Proposition 3.2.10

Let pUptqqtPR be a SCU-group with generator H : DpHq Ñ L2pRd;Cq. Further suppose
that DpHq is dense in L2pRd;Cq.a Then H determines pUptqqtPR uniquely. More precisely,
if pŨptqqtPR is a SCU-group with generator H then Ũptq “ Uptq for all t P R.

aThat means: For each φ P L2pRd;Cq and ε ą 0 one can find φε P DpHq such that ∥φ´ φε∥L2 ă ε.

Proof. Let t0 P R be arbitrary and pUptqqtPR, pŨptqqtPR be as in the statement. Further
let φ P DpHq. We first compute with scalar product identities

∥Uptqφ ´ Ũptqφ∥2L2 “ ∥Uptqφ∥2L2 ` ∥Ũptqφ∥2L2 ` 2RepxUptqφ, Ũptqφyq

“ ∥φ∥2L2 ` ∥φ∥2L2 ` 2RepxUptqφ, Ũptqφyq,

where we have used the unitariness in the last step. Taking now the t-derivative we obtain

d

dt
∥Uptqφ ´ Ũptqφ∥2L2 “ 2

d

dt
RepxUptqφ, Ũptqφyq

“ 2Repx d
dt

pUptqφq, Ũptqφy ` xUptqφ, d
dt

pŨptqφqyq

“ 2Repx´iUptqHφ, Ũptqφy ` xUptqφ,´iŨptqHφyq

“ 2Rep´ixUptqHφ, Ũptqφy ` ´ixUptqφ, ŨptqHφyq

““““““
Prop3.2.8(ii)

2Rep´ixHUptqφ, Ũptqφy ` ixUptqφ,HŨptqφyq

If we now use the symmetry of H (see Proposition 3.2.8 (iii)) we obtain that the term on
the right hand side yields 0 for each t P R. Hence we have for each t P R

∥Uptqφ ´ Ũptqφ∥2L2 “ ∥Up0qφ ´ Ũp0qφ∥2L2 “ ∥φ ´ φ∥L2 “ 0.
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Putting t “ t0 we infer that

Upt0qφ “ Ũpt0qφ @φ P DpHq. (44)

We would like to show that this equality holds actually true for all φ P L2pRd;Cq. Let
φ P L2pRd;Cq. Due to the fact that DpHq is dense we can find pφnqnPN Ă DpHq such that
φn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

φ. As a result we have by continuity of Upt0q : L2pRd;Cq Ñ L2pRd;Cq and

Ũpt0q : L
2pRd;Cq Ñ L2pRd;Cq

Upt0qφ “ Upt0q
´

LIM
nÑ8

φn

¯

“ LIM
nÑ8

pUpt0qφnq

“
(44)

LIM
nÑ8

pŨpt0qφnq “ Ũpt0q
´

LIM
nÑ8

φn

¯

“ Ũpt0qφ.

The claim follows.

With other words: If H : DpHq Ñ L2pRd;Cq is an operator such that DpHq is dense in
L2pRd;Cq then H generates at maximum one SCU-group pUptqqtPR. Of course we don’t
know yet whether a given linear operator H : DpHq Ñ L2pRd;Cq is at all a generator of an
SCU-group (we will see conditions for that in the sequel). But what we do know is that there
can be only one SCU-group generated by H. This allows us to give this SCU-group a name.

Definition 3.2.11 — Operator Exponential

Suppose that H : DpHq Ñ L2pRd;Cq is a linear operator such that DpHq is dense in
L2pRd;Cq. Further suppose that pUptqqtPR is a SCU-group with generator H. Then we
denote

Uptq “: e´itH

for each t P R.

The notation is of course motivated by the PDE in Remark 3.2.9. Recall that ψ : R Ñ

L2pRd;Cq, ψptq :“ e´iHtψ0 solves i d
dt
ψ “ Hψ if ψ0 P DpHq. If we multiply with ´i we have

d
dt
ψ “ ´iHψ, which leads to the natural formula

d

dt
e´itHψ0 “ ´iHe´itHψ0 @t P R

While this simply looks like the chain rule there are some caveats.

• We have to require that ψ0 P DpHq to write down this formula

• e´iHt is an operator defined on the whole of L2pRd;Cq. It would be desirable to
approximate it numerically. One idea how this could be achieved is by means of the
series representation of the exponential function

ex “

8
ÿ

k“0

xk

k!
@x P R
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However, such a series representation does not meaningfully carry over in our infinite-
dimensional setting! Indeed, if one would formally insert ´iHt in place of x in the
above equation one would have to evaluate powers of the form Hk, k P N0. But in order
evaluate Hk one has to be in the domain DpHkq which is not necessarily the whole of
L2pRd;Cq and possibly not even dense there (see Exercise sheet 1, Exercise 1c).

– Nevertheless, it is a rich field of research to study how one can approximate e´iHt

numerically. One could fill multiple lectures with that. We will not go into details
here (but we will do a little bit of theory on matrix exponentials in the next
section).

We will now get back to our Schrödinger equation with potential V given by

i
d

dt
ψ “ ´

1

2
∆xψ ` V ψ

This suggests an operator of the form H : DpHq Ñ L2pRd;Cq such that

Hψ “ ´
1

2
∆xψ ` V ψ

for all ψ P DpHq (where DpHq is yet to be chosen).

Question. Does such an operator H generate a SCU-group?

We already know that there are some necessary criteria that H needs to satisfy. Indeed, e.g.
from Proposition 3.2.8 (iii) we learn that each operator that can possibly generate a SCU-
group must necessarily be symmetric. But is this symmetry also sufficient? Unfortunately
not!
Mathematical literature has a very beautiful theorem for us, which even presents a necessary
and sufficient condition for the generation of a SCU-group.

Theorem 3.2.12 — Stone’s Theorem

Suppose that H : DpHq Ñ L2pRd;Cq is a linear operator such that DpHq is dense in
L2pRd;Cq. Then the following two assertions are equivalent

(a) H generates a SCU-group pe´itHqtPR

(b) H is self-adjoint (see Definition 3.2.13 below)

Proof. Goes beyond the scope of this lecture.

Once we accept this theorem, we have an easy time answering the question posed above. We
just have to check, whether te operator H is self-adjoint. But before we can do so, we first
have to discuss the concept of self-adjointness in detail. We shall do so in the coming section.
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3.2.2 Self-Adjointness

First of all I owe you the definition of self-adjointness. But before giving this definition I would
like to point out a caveat: Recall that matrix M P Cnˆn is called self-adjoint (or Hermitean
symmetric) if MT

“ M . We have already seen in the discussion below Definition 2.1.4 that
this corresponds to symmetry of the operator A : Cn Ñ Cn, x ÞÑ M ¨x. In particular, in finite
dimension the notions of self-adjointness and (Hermitean) symmetry coincide. However (and
this is the caveat I would like to stress), in infinite dimension self-adjointness is a stronger
concept than symmetry. This is mainly due to the fact that

Definition 3.2.13 — Self-Adjointness

Let H : DpHq Ñ L2pRd;Cq be a linear operator such that DpHq is dense. We call H
self-adjointa if

(i) H is symmetric, i.e. xHφ1, φ2y “ xφ1, Hφ2y for all φ1, φ2 P DpHq

(ii) The domain DpHq satisfies

tf P L2
pRd;Cq : DC ą 0 s.t. |xHφ, fy| ď C∥φ∥L2 @φ P DpHqu Ď DpHq. (45)

aIf we do not assume that DpHq is dense, the canonical definition in the literature would be slightly
different. We use here the definition that is most convenient for us.

Condition (ii) looks somewhat counterintuitive at first sight, but we will try to shed some
light on it now. Let H : DpHq Ñ L2pRd;Cq be an operator which is (for now only symmetric).
Suppose we have φ P DpHq and f P L2pRd;Cq and we form the expression

xHφ, fy

Since H is symmetric, we know that if f P DpHq we can shift H to f and reformulate it as
xφ,Hfy. In this case we have

|xHφ, fy| “ |xφ,Hfy| ď ∥Hf∥L2∥φ∥L2 .

In particular, each f P DpHq lies in the set on the left hand side of (45). In particular this
shows that in (45) the set inclusion “Ě” is true simply due to the symmetry.
The fact that “Ď” therefore yields an exact requirement on the domain DpHq.

Remark 3.2.14

We would like to attempt another explanation of (45). Suppose thatH : DpHq Ñ L2pRd;Cq

is symmetric and such that DpHq is dense in L2pRd;Cq. Suppose that f P L2pRd;Cq is
such that

|xHφ, fy| ď C∥φ∥L2 for all φ P DpHq, (46)

i.e. f lies in the set on the left hand side of (45).

Claim. There exists g P L2pRd;Cq such that xHφ, fy “ xφ, gy for all φ P DpHq.

Before we prove this, let us discuss what it means. It means that for each f in the set of
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the left hand side of (45) we are allowed to pull H to the other side of the scalar product.
Due to the symmetry of H we would actually expect that g “ Hf , but this is only ensured
if f P DpHq. Thankfully, this is exactly what the self-adjointness requirement (ii) provides:
If (46) is satisfied, then we already have f P DpHq and shifting the operator away to the
other side is allowed.

Proof. (!Functional Analysis!) Define F : DpHq Ñ R via F pφq :“ xHφ, fy.

Intermediate claim. F can be extended to a continuous linear operator
F̄ : L2pRd;Cq Ñ C.

To this end let φ P L2pRd;Cq. Then there exists a sequence pφnqnPN Ă DpHq such that
φn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

φ. Since for all m,n P N we have

|F pφnq ´ F pφmq| “ |F pφn ´ φmq| ď C∥φn ´ φm∥L2

we obtain that pF pφnqqnPN is a Cauchy sequence in R and hence a reasonable choice for
F̄ pφq is F̄ pφq “ lim

nÑ8
F pφnq. To make sure that this is well-defined, we have to ensure that

this number does not depend on the chosen sequence pφnqnPN. This is readily checked: If
pφnqnPN, pηnqnPN are two sequences that converge to φ we obtain that

|F pφnq ´ F pηnq| ď C∥φn ´ ηn∥L2 ď Cp∥φn ´ φ∥L2 ` ∥φ´ ηn∥L2q
nÑ8
ÝÝÝÑ C ¨ p0 ` 0q “ 0.

This implies that
lim
nÑ8

F pφnq “ lim
nÑ8

F pηnq

and thus our definition of F̄ pφq is well-defined. We leave it as an exercise to show that F̄
is linear. It remains to show continuity (equivalently boundedness) of F̄ . To this end let

φ P L2pRd;Cq and choose pφnqnPN Ă DpHq such that φn
L2pRd;Cq
ÝÝÝÝÝÑ φ. Then the definition

of F̄ yields F̄ pφq “ lim
nÑ8

F pφnq. Thus we have

|F̄ pφq| “ lim
nÑ8

|F pφnq| ď lim sup
nÑ8

C∥φn∥L2 “ C∥φ∥L2 ,

where we have used continuity of the L2-Norm with respect to L2-convergence.a The
intermediate claim is shown.

End of intermediate claim.

Now the claim follows easily: Since F̄ is a continus linear functional on L2pRd;Cq, the
Riesz representation theorem yields that there exists some g P L2pRd;Cq such that

F̄ pφq “ xφ, gy @φ P L2
pRd;Cq.

61



As a result we have for each φ P DpHq

xHφ, fy “ F pφq “ F̄ pφq “ xφ, gy

aRecall: This is actually an easy consequence of the inverse triangle inequality

| ∥φn∥L2 ´ ∥φ∥L2 | ď ∥φn ´ φ∥L2
nÑ8

ÝÝÝÑ 0.

Next we see some useful examples of self-adjoint operators.

Example 3.2.15 — Self-Adjointness of multiplication operators

Let V : Rd Ñ R be a measurable and real-valued function. Set

DpMV q :“ tf P L2
pRd,Cq : V f P L2

pRd;Cqu

and define MV : DpMV q Ñ L2pRd;Cq to be

MV φ :“ V ¨ φ

Claim. MV is self-adjoint.

Proof. First we check the symmetry (Point (i) in Definition 3.2.13). Let f, g P DpMV q.
Then

xV f, gy “

ż

Rd
V pxqfpxqgpxq dx “

ż

Rd
V pxqfpxqgpxq dx “

ż

Rd
fpxqV pxqgpxq dx “ xf, V gy.

Here we have used extensively that V is real-valued. Now we proceed with Point (ii) in
Definition 3.2.13. Suppose that f P L2pRd;Cq is such that there exists C ą 0 with the
property that

xMV φ, fy ď C∥φ∥L2 for all φ P DpMV q. p˚q.

We need to show that f P DpMV q, i.e. V f P L2pRd;Cq. To this end let n P N be arbitrary
and define

Vn : Rd
Ñ R, Vnpxq :“

#

V pxq |V pxq| ď n

0 otherwise
. (47)

Notice that φn :“ Vnf lies in DpMV q. Indeed, firstly one has

|φn| “ |Vnf | “ |Vn| |f | ď n|f | P L2
pRd;Cq,

and secondly (since V Vn “ V 2
n , as one readily checks with (47))

|V φn| “ |V Vnf | “ |V 2
n f | “ |Vn|

2
|f | ď n2

|f | P L2
pRd;Cq.
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Therefore we have xMV φn, fy ď C∥φn∥L2 . Now we compute

xMV φn, fy “

ż

Rd
V pxqφnpxqfpxq dx “

ż

Rd
V pxqVnpxqfpxqfpxq dx

“

ż

Rd
Vnpxq

2
|fpxq|

2 dx “ ∥Vnf∥2L2 “ ∥φn∥2L2 .

This yields that ∥φn∥2L2 ď C∥φn∥L2 and thus ∥φn∥L2 ď C for all n P N. In particular
ż

Rd
|φnpxq|

2 dx ď C2 for all n P N (48)

Now observe that Vn
ptw.
ÝÝÑ V as n Ñ 8. For this reason we have (by Fatou’s Lemma, see

Satz 2.2.9 in Ò Analysis III Lecture Notes)
ż

Rd
|V pxqfpxq|

2 dx “

ż

Rd
lim inf
nÑ8

|Vnpxqfpxq|
2 dx ď lim inf

nÑ8

ż

Rd
|Vnpxqfpxq|

2 dx

“ lim inf
nÑ8

ż

Rd
|φnpxq|

2 dx ď
(48)

C2.

This implies that V f P L2pRd;Cq and hence f P DpHq. The claim is shown.

Since MV is self-adjoint it must (according to Theorem 3.2.12) also generate a SCU-group. It
is an exercise to show that the group generated by MV is given by pUV ptqqtPR defined by

UV ptq : L2
pRd;Cq Ñ L2

pRd;Cq, pUV ptqφqpxq :“ e´iV pxqtφpxq a.e. x P Rd.

While this seems very canonical the devil is in the details, especially since one must be careful
to not confuse pointwise limits of functions with L2-limits of functions. (Definition 3.2.6
works with the latter concept, while our intuition often looks at pointwise limits).
In the coming example we will work with the hogher order Sobolev space W 2,2pRd;Cq. Recall
that this space can be defined as the set of all function f P L2pRd;Cq such that there exist
g1, ..., gd P L2pRd;Cq and hjk P L2pRd;Cq pj, k “ 1, ..., dq such that

ż

Rd
fBxiη dx “ ´

ż

Rd
giη dx @η P C8

0 pRd;Cq,

ż

Rd
fB

2
xjxk

η dx “ ´

ż

Rd
hjkη dx @η P C8

0 pRd;Cq.

The functions gi, hjk pi, j, k P t1, ..., duq are uniquely determined and are called gi “: Bxif
and hjk “: B2

xjxk
f . We would also like to stress that W 2,2pRd;Cq coincides with the space W2

defined in Definition 10.1 of Part II of this lecture.

Example 3.2.16

Define Dp∆q :“ W 2,2pRd;Cq and the Laplacian ∆ : Dp∆q Ñ L2pRd;Cq via ∆φ :“
d

ř

i“1

B2
xi
φ.
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Claim. ∆ is self-adjoint.

*Proof.a First we show the symmetry (Condition (i) in Definition 3.2.13). Let φ1, φ2 P

Dp∆q “ W 2,2pRd;Cq. Similar to Lemma 2.1.6 one can show that there exists pηnqnPN Ă

C8
0 pRd;Cq such that

ηn
L2pRd;Cq
ÝÝÝÝÝÑ φ2, Bxiηn

L2pRd;Cq
ÝÝÝÝÝÑ Bxiφ2 @i “ 1, ..., d, Bxjxkηn

L2pRd;Cq
ÝÝÝÝÝÑ Bxjxkφ2 @j, k “ 1, ..., d.

As a result we have (using multiple times the definition of weak derivative)

x∆φ1, φ2y “

ż

Rd
∆φ1pxqφ2pxq dx “ lim

nÑ8

ż

Rd
∆φ1pxqηnpxq dx

“ lim
nÑ8

d
ÿ

i“1

ż

Rd

B2

Bx2i
φ1pxqηnpxq dx “ lim

nÑ8

d
ÿ

i“1

ż

Rd
φ1pxq

B2

Bx2i
ηnpxq dx

“

d
ÿ

i“1

ż

Rd
φ1pxq

B2

Bx2i
φ2pxq dx “

ż

Rd
φ1pxq∆φ2pxq dx “ xφ1,∆φ2y.

Now we verify Condition (ii) in Definition 3.2.13. To this end let f P L2pRd;Cq be such
that there exists C ą 0 with the property that

|x∆φ, fy| ď C∥φ∥L2 @φ P W 2,2
pRd;Cq.

By Remark 3.2.14 that means that there exists g P L2pRd;Cq such that

x∆φ, fy “ xφ, gy @φ P W 2,2
pRd;Cq.

Since C8
0 pRd;Rq Ď W 2,2pRd;Cq we infer

ż

Rd
fpxq∆φpxq dx “

ż

Rd
gpxqφpxq dx for all φ P C8

0 pRd;Rq,

i.e. ∆f “ g in the sense of distributions. In particular, we have that f P L2pRd;Cq satisfies
∆f P L2pRd;Cq. Elliptic regularity of the Laplacian (see Lemma 10.6 (a) in Part II applied
with m “ 0) yields f P W 2,2pRd;Cq and thus clearly also f P W 2,2pRd;Cq. We have this
shown that f P Dp∆q and the selfadjointness follows.

aThe proof is optional since we will later see another proof of this fact.

Since ∆ : W 2,2pRd;Cq Ñ L2pRd;Cq is self-adjoint, we also know that ´1
2
∆ : W 2,2pRd;Cq Ñ

L2pRd;Cq is self-adjoint. Hence, ´1
2
∆ must again generate an SCU-group. We will next show

that this SCU-group pUptqqtPR is given precisely via

Uptqφ :“ F´1
pe´ i

2
|¨|2tFφq

and hence coincides with the SCU-group discussed in Example 3.2.2.
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Proposition 3.2.17

Let pUptqqtPR be the SCU-group generated by ´1
2
∆ : W 2,2pRd;Cq Ñ L2pRd;Cq. Then for

each φ P L2pRd;Cq and t P R we have

Uptqφ “ F´1
pe´ i

2
|¨|2tFφq.

In our notation we have e´ i
2
t∆φ “ F´1pe´ i

2
|¨|2tFφq for all t P R and φ P L2pRd;Cq.

Proof. Let pUptqqtPR be the SCU-group generated by ´1
2
∆ : W 2,2pRd;Cq Ñ L2pRd;Cq.

We show the claim first for φ P Dp∆q “ W 2,2pRd;Cq. We let therefore φ P W 2,2pRd;Cq.
Define

ψ : R Ñ L2
pRd;Cq, t ÞÑ ψt :“ Uptqφ (49)

Intermediate Claim. ψ is a distributional solution of the free Schrödinger equation in
the sense of Definition 3.1.4

To this end let η P SpRd;Cq . We need to show that

i
d

dt
Lψtpηq “ ´

1

2
Lψtp∆ηq @t P R

To this end we compute by means of Remark 3.2.9a

d

dt
Lψtpηq “

d

dt
xψt, η̄y “

d

dt
xUptqφ, η̄y “ x d

dt
pUptqφq, η̄y

“““““
Rem3.2.9

x´1
2
∆pUptqφq, ηy “

p˚q
´
1

2
xUptqφ,∆η̄y “ ´

1

2
xψt,∆ηy “ ´

1

2
Lψtp∆ηq.

The intermediate claim is shown. Note that in p˚q we have used the symmetry of ´1
2
∆ as

was discussed in Example 3.2.16.

In particular, ψ defined as in (49) solves the distributional free Schrödinger equation and
attains the initial value Up0qφ “ φ at t “ 0. By Theorem 3.1.4 (the uniqueness part) we
must have ψt “ F´1pe´ i

2
|¨|2tFφq for all t P R and thus conclude

Uptqφ “ ψt “ F´1
pe´ i

2
|¨|2tFφq @t P R. (50)

This holds now for all φ P Dp∆q “ W 2,2pRd;Cq. We would now like to extend this to all
φ P L2pRd;Cq. To this end let φ P L2pRd;Cq and t P R. Further fix ε ą 0 and choose some
η P C8

0 pRd;Cq such that ∥η ´ φ∥L2 ă ε. Now, (50) yields

Uptqη “ F´1
pe´ i

2
|¨|2tFηq.
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Due to this fact we have

∥Uptqφ ´ F´1
pe´ i

2
|¨|2tFφq∥L2 “ ∥Uptqφ ` 0 ´ F´1

pe´ i
2

|¨|2tFφq∥L2

“ ∥Uptqφ ´ Uptqη ` F´1
pe´ i

2
|¨|2tFηq ´ F´1

pe´ i
2

|¨|2tFφq∥L2

“ ∥Uptqpφ ´ ηq ´ F´1
pe´ i

2
|¨|2tFpφ ´ ηqq∥L2

“ ∥Uptqpφ ´ ηq∥L2 ` ∥F´1
pe´ i

2
|¨|2tFpφ ´ ηqq∥L2

“ ∥φ ´ η∥L2 ` ∥φ ´ η∥L2 ď 2ε,

where in the last line we have used the isometry properties of Uptq,F´1 and F . Since
ε ą 0 was arbitary we infer

∥Uptqφ ´ F´1
pe´ i

2
|¨|2tFφq∥L2 “ 0,

i.e. Uptqφ “ F´1pe´ i
2

|¨|2tFφq for any t P R. The claim follows.
aNotice that in this Remark it is needed that that φ P Dp∆q

Before we proceed to studying the self-adjointness of the Schrödinger operator with potential
we would like to formulate a useful criterion for self-adjointness.

Proposition 3.2.18 — Self-Adjointness criterion

Let H : DpHq Ñ L2pRd;Cq be a symmetric operator such that DpHq is dense in L2pRd;Cq.
Further suppose that H ` iId : DpHq Ñ L2pRd;Cq and H ´ iId : DpHq Ñ L2pRd;Cq are
surjective. Then H is self-adjoint.

Proof. Let H : DpHq Ñ L2pRd;Cq be as in the statement. We have to check again point
(i) and (ii) in Definition 3.2.13. Point (i) is given in the prerequisite. We therefore turn to
(ii). Suppose that f P L2pRd;Cq is such that there exists C ą 0 with the property that

|xHφ, fy| ď C∥φ∥L2 for all φ P DpHq.

We must show that f P DpHq. To this end first note that according to Remark 3.2.14 we
can find some g P L2pRd;Cq such that

xHφ, fy “ xφ, gy @φ P DpHq. (51)

Due to the surjectivity of H ´ iId we can find some φ0 P DpHq such that

pH ´ iIdqφ0 “ g ´ if
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In particular g “ Hφ0 ´ iφ0 ` if “ Hφ0 ` ipf ´ φ0q. Using this in (51) we obtain for
φ P DpHq

xHφ, fy “ xφ, gy “ xφ,Hφ0 ` ipf ´ φ0qy “ xφ,Hφ0y ` p´iqxφ, f ´ φ0y.

Now we use the symmetry of H and the fact that φ, φ0 P DpHq to obtain

xHφ, fy “ xHφ,φ0y ` p´iqxφ, f ´ φ0y.

Substracting xHφ,φ0y on both sides we have

xHφ, f ´ φ0y “ p´iqxφ, f ´ φ0y

And as a result
xpH ` iIdqφ, f ´ φ0y “ 0 @φ P DpHq. (52)

Since also pH ` iIdq is surjective on L2pRd;Cq we can find some φ˚ P DpHq such that
pH ` iIdqφ˚ “ f ´ φ0. Plugging in φ˚ in (52) we obtain

0 “ xpH ` iIdqφ˚, f ´ φ0y “ xf ´ φ0, f ´ φ0y “ ∥f ´ φ0∥2L2 .

This yields f “ φ0 (as elements of L2), i.e. we have f P DpHq (since φ0 P DpHq). The
claim is shown.

Remark 3.2.19

Actually the converse direction in the previous proposition is also true, i.e. if H : DpHq Ñ

L2pRd;Cq is self-adjoint then also H ˘ iId : DpHq Ñ L2pRd;Cq are surjective operators.
We will not need this result in the sequel, but we give a proof a supplementary material.

*Proof. (!Functional Analysis!) LetH be self-adjoint. Define R˘ :“ tHφ˘iφ : φ P DpHqu.
Moreover we define for M Ď L2pRd;Cq the orthogonal complement

MK :“ tf P L2
pRd;Cq : xf, gy “ 0 @g P Mu.

Step 1. We show that RK
˘ “ t0u (for the sake of simplicity only with ˘ “ `).

Suppose that f P L2pRd;Cq is such that f K R`, i.e.

xHφ ` iφ, fy “ 0 for all φ P DpHq,

in particular xHφ, fy “ ´ixφ, fy. The Cauchy-Schwarz inequality yields then

|xHφ, fy| “ |xφ, fy| ď ∥φ∥L2∥f∥L2 for all φ P DpHq.

Hence f lies in the set specified on the right hand side of (45) with C “ ∥f∥L2 . We
conclude from (45) that f P DpHq. Using this and the symmetry of H in yields that for
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all φ P DpHq

0 “ xHφ, fy ` ixφ, fy “ xφ,Hfy ` xφ,´ify “ xφ,Hf ´ ify.

Since DpHq is dense this allows us to conclude that Hf ´ if “ 0. Due to the next
proposition (Proposition 3.2.20 which is proved independently of our remark above) we
have f “ 0.

Step 2. R˘ “ L2pRd;Cq.

This will follow from Step 1 and the following

Fact. A subset M Ď L2pRd;Cq with MK “ t0u must already be dense.

This can be seen as follows. Let M Ď L2pRd;Cq be such that MK “ t0u. Note that
M is a closed subspace of L2pRd;Cq. Hence by standard Hilbert space theory we have
M ‘ M

K
“ L2pRd;Cq p˚q. Moreover, clearly MK

Ď MK “ t0u, so MC
“ t0u. This and

p˚q yields M “ L2pRd;Cq as claimed.

Step 3. R˘ “ L2pRd;Cq

To this end we show that R˘ is closed. As a consequence of this and Step 2 we obtain
R˘ “ R˘ “ L2pRd;Cq. We focus again only on the case ˘ “ `. Let pηnqnPN Ď R` be
such that ηn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

η for some η P L2pRd;Cq. We must show that η P R`. For n P N let

φn P DpHq be such that
ηn “ Hφn ` iφn.

In particular for n,m P N we have ηn ´ ηm “ Hpφn ´ φmq ` ipφn ´ φmq and thus

xηn ´ ηm, φn ´ φmy “ xφn ´ φm, Hpφn ´ φmqy ` i∥φn ´ φm∥2L2 (53)

Note that due to the symmetry of H we have

xφn ´ φm, Hpφn ´ φmqy P R (cf. Remark 2.1.8),

so that (53) yields

∥φn´φm∥2L2 “ Imxηn´ηm, φn´φmy ď |xηn´ηm, φn´φmy| ď ∥ηn´ηm∥L2∥φn´φm∥L2 .

As a consequence we have ∥φn ´φm∥L2 ď ∥ηn ´ ηm∥L2 , implying that pφnqnPN is a Cauchy
sequence. Since L2pRd;Cq is complete we obtain that there exists φ P L2pRd;Cq such that
φn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

φ. Not just do we have φn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

φ but also

Hφn “ ηn ´ iφn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

η ´ iφ.
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By Lemma 4.0.6(i) (proved independently of the present remark) we have that φ P DpHq

and Hφ “ η ´ iφ. With other words

η “ Hφ ` iφ P R`.

In Proposition 3.2.18 we could have also asked without any additional information as a
prerequisite that H ` iId : DpHq Ñ L2pRd;Cq and H ´ iId : DpHq Ñ L2pRd;Cq are bijective
(and not just surjective). That the injectivity comes for free will be proved in the next
proposition.

Proposition 3.2.20

Let H : DpHq Ñ L2pRd;Cq be a symmetric operator such that DpHq is dense in L2pRd;Cq.
Then H ` iId : DpHq Ñ L2pRd;Cq and H ´ iId : DpHq Ñ L2pRd;Cq are also injective.

Proof. We only show that H ` iId is injective. To this end we show that the kernel is
trivial. Suppose that φ P DpHq is such that pH ` iIdqpφq “ 0. Then we also have

0 “ xpH ` iIdqφ, φy “ xHφ,φy ` ixφ, φy “ xHφ,φy ` i∥φ∥2L2 . (54)

Now observe that due to symmetry of H and properties of the scalar product we have
xHφ,φy “ xφ,Hφy “ xHφ,φy, which yields that xHφ,φy P R (cf. Remark 2.1.8). Using
this we learn from (54) that

0 “ Imp0q “ ImpxHφ,φy ` i∥φ∥2L2q “ ∥φ∥2L2 ,

i.e. φ “ 0. This implies that kerpH ` iIdq “ t0u and the injectivity is shown.

Example 3.2.21

We now show once again that ´1
2
∆ : W 2,2pRd;Cq Ñ L2pRd;Cq is self-adjoint, but this

time by means of the criterion in Proposition 3.2.18. We even check a stronger statement
which will come in handy later:

Claim. For any µ ą 0 the operator ´1
2
∆ ˘ µiId : W 2,2pRd;Cq Ñ L2pRd;Cq is surjective.a

Proof. Let f P L2pRd;Cq. All we need to do is find u P W 2,2pRd;Cq such that ´1
2
∆u `

µiu “ f. We look at the Fourier transform and find that this is equivalent tob

p1
2
|p|

2
` iµqFpuqppq “ Fpfqppq a.e. p P Rd (55)

Can we find some u P W 2,2pRd;Cq satisfying this relation?

Step 1. There exists u P L2pRd;Cq such that Fpuq “ 1
1
2

|¨|2`iµ
Fpfq
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To this end note first that 1
1
2

|¨|2`iµ
Fpfq lies in L2pRd;Cq. Indeed, we have

ż

Rd

ˇ

ˇ

ˇ

ˇ

1
1
2
|p|2 ` iµ

Fpfqppq

ˇ

ˇ

ˇ

ˇ

2

dp “

ż

Rd

1

|1
2
|p|2 ` iµ|2

|Fpfqppq|
2 dp

“

ż

Rd

1

µ2 ` 1
4
|p|4

|Fpfqppq|
2 dp

ď
1

µ2

ż

Rd
|Fpfqppq|

2 dp “
1

µ2

ż

Rd
|fpxq|

2 dx ă 8.

Now we can just define u :“ F´1p 1
1
2

|¨|2`iµ
Fpfq P L2pRd;Cq) and obtain the desired function.

Step 2. We show that u P W 2,2pRd;Cq and satisfies ´1
2
∆u ` µiu “ f .

It remains to show that u P W 2,2pRd;Cq. Using that Fpuqppq “ 1
1
2

|p|2`iµ
Fpfqppq for a.e.

p P Rd we may compute

|p|
2Fpuqppq “

|p|2

1
2
|p|2 ` iµ

Fpfqppq for a.e. p P Rd

and thus p ÞÑ |p|2Fpuqppq is a product of the bounded function p ÞÑ
|p|2

1
2

|p|2`iµ
and the

L2-function Fpfq. As a result, | ¨ |2Fpuq lies in L2pRd;Cq, i.e.
ż

Rd
|p|

4
|Fpuqppq|

2 dp ă 8.

Since also u P L2pRd;Cq we have
ş

Rd 1 ¨ |Fpuqppq|2 dp ă 8 and thus conclude
ż

Rd
p1 ` |p|

4
q|Fpuqppq|

2 dp ă 8.

Notice also that for all p P Rd we have

p1 ` |p|
2
q
2

“ 1 ` 2|p|
2

` |p|
4

ď 1 ` 2
1 ` |p|4

2
` |p|

4
ď 2p1 ` |p|

4
q.

For this reason we have
ż

Rd
p1 ` |p|

2
q
2
|Fpuqppq|

2 dp ă 8

showing that u P W2 in the sense of Part II Definition 10.1. Proposition 10.2 of Part II
shows that then u P W 2,2pRd;Cq. The claim follows using the fact ´1

2
∆u ` µiu “ f and

(55) are equivalent under the condition that u P W 2,2pRd;Cq.
aIn particular, with the special case µ “ 1 we deduce self-adjointess of ´ 1

2∆. We will only learn later
why we have introduced an extra factor µ ą 0 here.
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bThis requires a quick check that for u P W 2,2pRd;Cq the Fourier transform also satisfies the derivative
rules of Remark 2.2.8 (these formulae are so far only known for u P SpRd;Cq) We leave this as an exercise,
along the lines of the proof of the intermediate claim in Proposition 2.2.11.

3.2.2.1 Self-Adjointness of the Schrödinger operator Recall now that we are in-
terested in the Schrödinger operator H, formally expressable as H “ ´1

2
∆ ` MV , using

the notation of the previous two examples. The previous two examples show that both
“summands” ´1

2
∆ as well as MV are self-adjoint operators. But is the sum of two self-adjoint

operators also self-adjoint? The answer is unfortunately: in general no (at least if they are
unbounded in L2pRd;Cq)! In this paragraph we deal with this issue and formulate conditions
which ensure the self-adjointness of the sum of the operators and as a result also of our
Schrödinger operator. First we define the sum of two operators rigorously.

Definition 3.2.22 — Operator sum

Let A : DpAq Ñ L2pRd;Cq and B : DpBq Ñ L2pRd;Cq be two operators. Then we define
the operator sum

A ` B : DpAq X DpBq Ñ L2
pRd;Cq, pA ` Bqφ :“ Aφ ` Bφ.

(We sometimes also write DpA ` Bq “ DpAq X DpBq)

The self-adjointness of the sum of two operators can be detected by the famous Kato-Rellich
theorem.

Theorem 3.2.23 — Kato-Rellich

Suppose that A : DpAq Ñ L2pRd;Cq and B : DpBq Ñ L2pRd;Cq are two symmetric
operators. Further suppose that

(i) DpAq Ď DpBq

(ii) There exists some a P r0, 1q and c ą 0 such that ∥Bφ∥L2 ď a∥Aφ∥L2 ` c∥φ∥L2 for
all φ P DpAq.

(iii) For all µ ą 0 the operators A ` µiId : DpAq Ñ L2pRd;Cq and A ´ µiId : DpAq Ñ

L2pRd;Cq are surjectivea

Then A ` B : DpAq Ñ L2pRd;Cq is self-adjoint.
aIn particular, (see Proposition 3.2.18 and look at the special case µ “ 1), A is self adjoint. If we had

shown the converse in 3.2.18 we could replace this by the requirement that A is self-adjoint.

13.07.2026

Proof. For the sake of simplicity of notation we will in this proof write A ` µi instead of
A`µiId. We will show that there exists µ0 ą 0 such that A`B˘ iµ0 : DpAq Ñ L2pRd;Cq

is surjective p˚q, in particular also A`B
µ

˘ i : DpAq Ñ L2pRd;Cq are surjective. If we have
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this, then the self-adjointness criterion (Proposition 3.2.18) yield that 1
µ0

pA`Bq : DpAq Ñ

L2pRd;Cq is self-adjoint. One readily checks as an easy exercise that then also A`B is self-
adjoint. Before we start the proof, let us mention that one can show along the lines of 3.2.20
that for each µ ą 0 the operators A ˘ iµ : DpAq Ñ L2pRd;Cq are injective. Due to this
and prerequisite (iii) they are bijective and we may form pA˘ iµq´1 : L2pRd;Cq Ñ DpAq.
Let us now turn to the proof of p˚q For µ ą 0 and φ P DpAq we form

pA`B ` iµqφ “ pA` iµ`BqpA` iµq
´1

pA` iµqφ “ pId`BpA` iµq
´1

qpA` iµqφ. (56)

Now, prerequisite (iii) yields that A ` iµ is surjective. Hence it suffices to show that
Id `BpA ` iµq´1 : L2pRd;Cq Ñ L2pRd;Cq is surjective. To this end we use the Neumann
series (Lemma 3.2.24). To check the prerequisites of the Neumann series we have to check
that

∥BpA ` iµq
´1∥ :“ sup

fPL2pRd;Cq,∥f∥“1

∥BpA ` iµq
´1f∥L2 ă 1.

To check this let f P L2pRd;Cq be such that ∥f∥L2 “ 1. Then prerequisite (ii) yields that
for some a P r0, 1q and c ą 0 we have

∥BpA ` iµq
´1f∥L2 ď a∥ApA ` iµq

´1f∥L2 ` c∥pA ` iµq
´1f∥L2 (57)

To draw further conclusions from the estimate we need an intermediate claim

Intermediate claim. For each φ P DpAq we have ∥pA ` iµqφ∥2L2 “ ∥Aφ∥2L2 ` µ2∥φ∥2L2 .

To prove this we expand the scalar product and write

∥pA ` iµqφ∥2L2 “ xAφ ` iµφ,Aφ ` iµφy “ ∥Aφ∥2L2 ` 2RexAφ, iµφy ` ∥iµφ∥2L2 .

The last term clearly equals µ2∥φ∥2L2 . Moreover we have

RexAφ, iµφy “ Rep´iµxAφ,φyq “ 0,

since xAφ,φy “ xφ,Aφy “ xAφ,φy and thus xAφ,φy P R, cf. Remark 2.1.8.

The intermediate claim (applied to φ “ pA ` iµq´1f P DpAq) implies

∥ApA ` iµq
´1f∥L2 “ ∥Aφ∥L2 ď

b

∥Aφ∥2L2 ` µ2∥φ∥2L2 “

b

∥pA ` iµqφ∥2L2 “ ∥f∥L2 .

and

µ∥pA ` iµq
´1f∥L2 “ µ∥φ∥L2 ď

b

∥Aφ∥2L2 ` µ2∥φ∥2L2 “

b

∥pA ` iµqφ∥2L2 “ ∥f∥L2 .

72



so that ∥ApA` iµq´1f∥L2 ď ∥f∥L2 and ∥pA` iµq´1f∥L2 ď 1
µ
∥f∥L2 . Using this in (57) we

find for f P L2pRd;Cq with ∥f∥L2 “ 1

∥BpA ` iµq
´1f∥L2 ď a∥f∥L2 `

c

µ
∥f∥L2 “ a `

c

µ
.

Choosing µ0 ą c
1´a

we obtain from this that

∥BpA ` iµ0q∥ ă 1.

The Neumann series (Lemma 3.2.24) shows invertibility of Id ` BpA ` iµ0q and hence
(56) (in the special case of µ “ µ0) yields surjectivity of A ` B ` iµ0. As described in the
beginning of this proof, self adjointness of A ` B follows.

We have used the following result from functional analysis

Lemma 3.2.24 — Neumann Series

Let X be a Banach space and T : X Ñ X be such that ∥T∥ ă 1 (Recall that ∥T∥ :“
sup

xPX:∥x∥X“1

∥Tx∥X). Then Id ` T : X Ñ X is invertible and

pId ` T q
´1

“

8
ÿ

k“0

T k.

We will next apply the Kato-Rellich theorem with A “ ´1
2
∆ and B “ MV (for some suitably

chosen V ) An easy example is given by bounded potentials V P L8pRd;Rq.

Example 3.2.25

Let V P L8pRd;Rq. In particular DpMV q “ tf P L2pRd;Cq : V f P L2pRd;Cqu “

L2pRd;Cq.

Claim. H “ ´1
2
∆ ` MV : W 2,2pRd;Cq Ñ L2pRd;Cq is self-adjoint.

Proof. We apply the Rellich-Kato-Theorem 3.2.23 with A “ ´1
2
∆ and B “ MV . (i) is

clear since W 2,2pRd;Cq Ă L2pRd;Cq. (iii) follows directly from Remark 3.2.21. Now we
prove (ii) (actually with a “ 0). To this end we compute for φ P L2pRd;C

∥MV φ∥2L2 “

ż

Rd
|V pxqφpxq|

2 dx “

ż

Rd
∥V ∥2L8 |φpxq|

2 dx “ ∥V ∥2L8∥φ∥2L2 .

As a result ∥MV φ∥L2 ď ∥V ∥L8∥φ∥L2 , i.e. (ii) holds with a “ 0 and c “ ∥V ∥L8 . The
Kato-Rellich Theorem applies and self-adjointness is ensured.

While it is nice to have a first condition on V so that the Schrödinger operator is self-adjoint,
this condition is not physically meaningful. Indeed, let us illustrate this with a very basic
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example from physics. If our particle is an electron in R3 which is part of an atom centered
at the origin, we must (since the nucleus has positive charge) look at the Coulomb potential

V : R3
zt0u Ñ R, V pxq “

1

4πε0

1

|x|
.

(Notice that at the value x “ 0 we have to assign some other value to V whose precise choice
does not matter for the discusson). This potential does clearly not lie in L8pR3;Rq. For this
reason we need a better result than the one in Example 3.2.25.

Proposition 3.2.26 — Self-Adjointness of the Schrödinger operator

Let d “ 3. Let V : R3 Ñ R be such that V “ V1 ` V2 for some V1 P L2pR3;Rq and
V2 P L8pR3;Rq. Then H “ ´1

2
∆ ` MV : W 2,2pR3;Cq Ñ L2pR3;Cq is self-adjoint.

We will in the sequel often write V P L2pR3;Rq ` L8pR3;Rq to express that V “ V1 ` V2 for
V1 P L2pR3;Rq and V2 P L8pR3;Rq.

Proof (of Proposition 3.2.26). We again apply the Rellich-Kato-Theorem 3.2.23 with
A “ ´1

2
∆ : W 2,2pR3;Cq Ñ L2pR3;Cq and B “ MV : DpMV q Ñ L2pR3;Cq, where as

always
DpMV q “ tf P L2

pR3;Cq : V f P L2
pR3;Cqu.

We now check Condition (i),(ii),(iii) in Theorem 3.2.23. Condition (iii) again follows
directly from Example 3.2.21. Condition (i) is now nontrivial but it will fall out of the
verification of Condition (ii). More precisely we show the following

Main Claim. There exists a P r0, 1q and c ą 0 such that for all φ P W 2,2pR3;Cq we have
∥V φ∥L2 ď a∥Aφ∥L2 ` c∥φ∥L2 p˚q

This shows that for each φ P DpAq “ W 2,2pR3;Cq we have V φ P L2pR3;Cq and thus
φ P DpMV q, which settles (i). Once this is observed, the estimate p˚q boils down to
Condition (ii). Hence we turn to the proof of p˚q. First recall from Example 3.2.25 that
for each φ P DpMV q Ă L2pR3;Cq we have

∥V2φ∥L2 ď ∥V2∥L8∥φ∥L2 (58)

Now we have to estimate ∥V1φ∥L2 . To this end we first estimate for φ P DpMV q

∥V1φ∥L2 ď ∥V1∥L2∥φ∥L8 , (59)

(where we mean ∥φ∥L8 “ 8 if φ R L8).

Intermediate claim. Let ε ą 0 be arbitrary. For φ P W 2,2pR3;C define φ̂ :“ Fpφq.
Then φ̂ P L1pR3;Cq and ∥φ̂∥L1 ď ε∥Aφ∥L2 ` dε∥φ∥L2 for some dε ą 0 (independent of φ).
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To prove this we first write

∥φ̂∥L1 “

ż

R3

|φ̂pxq| dx “

ż

R3

1

1 ` |x|2
p1 ` |x|

2
q|φ̂pxq| dx

ď

d

ż

R3

1

p1 ` |x|2q2
dx

d

ż

R3

p1 ` |x|2q2|φ̂pxq|2 dx (60)

The last factor yields
d

ż

R3

p1 ` |x|2q2|φ̂pxq|2 dx “ ∥p1 ` | ¨ |
2
qφ̂∥L2 “ ∥φ̂ ` | ¨ |

2φ̂∥L2 ď ∥φ̂∥L2 ` ∥| ¨ |
2φ̂∥L2

“ ∥φ∥L2 ` ∥∆φ∥L2 “ ∥φ∥L2 ` 2∥Aφ∥L2

The first factor in (60) is a finite constant since radial integrationa yields
ż

R3

1

p1 ` |x|2q2
dx “

ż 8

0

4πr2

p1 ` r2q2
dr “

ż 1

0

4πr2

p1 ` r2q2
dr `

ż 8

1

4πr2

p1 ` r2q2
dr

ď

ż 1

0

4π ¨ 1

p1 ` 0q2
dr `

ż 8

1

4πr2

p0 ` r2q2
dr

“ 4π ` 4π

ż 8

1

1

r2
dr “ 4π ` 4π

„

´
1

r

ȷ8

1

“ 8π.

Using this (60) yields
∥φ̂∥L1 ď

?
8πp∥φ∥L2 ` 2∥Aφ∥L2q.

This is not quite what we wanted since the intermediate claim demands a small prefactor
in front of ∥Aφ∥L2 . To refine the estimate define for r ą 0 the function φ̂r :“ r3φpr¨q
and observe that ∥φ̂∥L1 “ ∥φ̂r∥L1 , as is easily seen with the transformation formulab.
Repeating now the steps in (60) we find that

∥φ̂r∥L1 ď
?
8π∥p1 ` | ¨ |

2
qφ̂r∥L2 ď

?
8π∥φ̂r∥L2 `

?
8π∥| ¨ |

2φ̂r∥L2 (61)

Now we compute

∥φ̂r∥2L2 “

ż

R3

r6|φ̂prxq|
2 dx “ r3

ż

R3

|φ̂pyq|
2 dy “ r3∥φ̂∥2L2 ,

so that ∥φ̂r∥L2 “ r
3
2∥φ̂∥L2 . Moreover

∥| ¨ |
2φ̂r∥2L2 “

ż

R3

|x|
4r6|φ̂prxq|

2 dx “ r2
ż

R3

|rx|
4
|φ̂prxq|

2 dx “ r´1

ż

R3

|y|
4
|φ̂pyq|

2 dy,
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soe that ∥| ¨ |2φ̂r∥L2 “ r´ 1
2∥| ¨ |2φ̂∥L2 . Using these findings in (61) we obtain

∥φ̂∥L1 “ ∥φ̂r∥L1 ď
?
8πpr´ 1

2∥| ¨ |
2φ̂∥L2 ` r

3
2∥φ̂∥L2q

“
?
8πpr´ 1

2∥∆φ∥L2 ` r
3
2∥φ∥L2q “

?
8πp2r´ 1

2∥Aφ∥L2 ` r
3
2∥φ∥L2q.

Now we may choose r0 “ r0pεq ą 0 such that 2
?
8πr

´ 1
2

0 “ ε. Defining dε :“
?
8πr

3
2
0 we

obtain
∥φ̂∥L1 ď ε∥Aφ∥L2 ` dε∥φ∥L2 ,

as claimed.

Next we employ Lemma 3.2.27 (see also Theorem 6.15 in Part II) and the intermediate
claim to obtain for fixed ε ą 0

∥φ∥L8 ď
1

p2πq
d
2

∥Fpφq∥L1 “
1

p2πq
d
2

pε∥Aφ∥L2 ` dε∥φ∥L2q .

This and (59) and (58) yield

∥V φ∥L2 ď ∥V1φ ` V2φ∥L2 ď ∥V1φ∥L2 ` ∥V2φ∥L2 ď ∥V1∥L2∥φ∥L8 ` ∥V2∥L8∥φ∥L2

“
∥V1∥L2

p2πq
d
2

pε∥Aφ∥L2 ` dε∥φ∥L2q ` ∥V2∥L8∥φ∥L2

“ ε
∥V1∥L2

p2πq
d
2

∥Aφ∥L2 `

˜

∥V1∥L2

p2πq
d
2

dε ` ∥V2∥L8

¸

∥φ∥L2 .

Choosing ε0 :“ 1
2

ˆ

∥V1∥L2

p2πq
d
2

` 1

˙´1

we obtain some c :“

ˆ

∥V1∥L2

p2πq
d
2
dε0 ` ∥V2∥L8

˙

ą 0 such

that for all φ P W 2,2pRd;Cq we have

∥V φ∥L2 ď 1
2
∥Aφ∥L2 ` c∥φ∥L2 .

The mein claim is shown and as discussed above our assertion follows.
aThat is a substitution px, y, zq “ pr cosφ cos θ, r sinφ cos θ, r sin θq, where r P p0,8q, φ P p0, 2πq, θ P

p´π
2 ,

π
2 q

bIndeed, the substitution y “ rx yields ∥φ̂r∥L1 “
ş

R3 r
3|φ̂prxq| dx “

ş

R3 |φ̂pyq| dy “ ∥φ̂∥L1 .

The proof again relied on an auxiliary lemma. For the first part of this lemma see also
Theorem 6.15 in Part II.

Lemma 3.2.27

(i) Let φ P L2pRd;Cq X L1pRd;Cq. Then Fpφq P L8pRd;Cq and

∥Fpφq∥L8 ď
1

p2πq
d
2

∥φ∥L1
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(ii) Let φ P L2pRd;Cq be such that Fpφq P L1pRd;Cq. Then φ P L8pRd;Cq and

∥φ∥L8 ď
1

p2πq
d
2

∥Fpφq∥L1

Proof. Ad (i). Let φ P L2pRd;Cq X L1pRd;Cq. As shown in the intermediate claim of
Theorem 3.1.13 one can find pφnqnPN Ď SpRd;Cq such that φn

nÑ8
ÝÝÝÝÝÑ
L2pRd;Cq

φ and φn
nÑ8

ÝÝÝÝÝÑ
L1pRd;Cq

φ.

Note that for each x P Rd we have

Fpφnqpxq “
1

p2πq
d
2

ż

Rd
φnpyqeixy dy

This implies that for each x P Rd we have

|Fpφnqpxq| “

ˇ

ˇ

ˇ

ˇ

ˇ

1

p2πq
d
2

ż

Rd
φnpyqe´ixy dy

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

p2πq
d
2

ż

Rd
|φnpyq| dy “

1

p2πq
d
2

∥φn∥L1 . (62)

Now, since pφnqnPN converges in L2pRd;Cq to φ we obtain that pFpφnqqnPN converges in
L2pRd;Cq to Fpφq. For this reason we can use Proposition 2.3.17 in Ò Analysis III
Lecture Notes to extract a subsequence pFpφℓnqqnPN that converges pointwise a.e. to
Fpφq. As a result we obtain for a.e. x P Rd

|Fpφqpxq| “ lim
nÑ8

|Fpφℓnqpxq| ď
(62)

lim sup
nÑ8

1

p2πq
d
2

∥φℓn∥L1 “
1

p2πq
d
2

∥φ∥L1

where we have used in the last step that φn
nÑ8

ÝÝÝÝÝÑ
L1pRd;Cq

φ. This implies

∥Fpφq∥L8 ď
1

p2πq
d
2

∥φ∥L1 .

Ad (ii). Notice first that Fpφq P L2pRd;Cq XL1pRd;Cq and hence (i) yields FpFpφqq P L8

and
∥FpFpφqq}L8 ď

1

p2πq
d
2

∥Fpφq∥L1 . (63)

Now observe that FpFpφqq “ φp´p¨qq for any φ P L2pRd;Cq. Indeed: We show the claim
first for φ P SpRd;Cq. In this case we have for x P Rd

FpFpφqqpxq “
1

p2πq
d
2

ż

Rd
Fpφqpyqe´ixy dy
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“
1

p2πq
d
2

ż

Rd
Fpφqpyqeip´xqy dy “ F´1

pFpφqp´xq “ φp´xq,

which implies the claim for functions in SpRd;Cq The claim can be extended to L2-
functions by approximationa. Combining this with (63) we now have φp´p¨qq “ FpFpφqq P

L8pRd;Cq and

∥φp´p¨qq∥L8 “ ∥FpFpφqq∥L8 ď
1

p2πq
d
2

∥Fpφq∥L1 .

One is readily convinced that ∥φ∥L8 “ ∥φp´p¨qq∥L8 . For this reason we infer that φ P

L8pRd;Cq and

∥φ∥L8 ď
1

p2πq
d
2

∥Fpφq∥L1 .

The claim follows.
aIndeed, if we choose pηnqnPN Ď SpRd;Cq such that ηn

nÑ8
ÝÝÝÝÝÝÑ
L2pRd;Cq

φ we conclude FpFpηnqq
nÑ8

ÝÝÝÝÝÝÑ
L2pRd;Cq

FpFpφqq (by unitariness of the Fourier transform). Moreover one readily checks that ηnp´p¨qq
nÑ8

ÝÝÝÝÝÝÑ
L2pRd;Cq

φp´p¨qq. Based on these observations we compute

FpFpφqq “ LIM
nÑ8

FpFpηnqq “ LIM
nÑ8

ηnp´p¨qq “ φp´p¨qq.

To convince you that the prerequisites on V in Proposition 3.2.26 are suitable for the
applications we convince you that the Coulomb potential satisfies the estimates given there

Example 3.2.28
Let

V : R3
Ñ R, V pxq :“

#

1
4πε0

1
|x|

x P R3zt0u

0 x “ 0.

Claim. H “ ´1
2
∆ ` MV : W 2,2pRd;Cq Ñ L2pRd;Cq is self-adjoint.

Proof. According to the previous proposition we just have to write V “ V1 ` V2 as a sum
of V1 P L2pR3;Cq and V2 P L8pR3;Cq. We will now convince ourselves that

V1 :“ V χB1p0q, V2 :“ V χR3zB1p0q

does the job.

Clearly, V2 P L8pR3;Cq as for all x P R3zB1p0q we have |x| ě 1 and thus

V pxq “
1

4πε0|x|
ď

1

4πε0
.
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This yields ∥V2∥L8 ď 1
4πε0

ă 8.

To show that V1 P L2pR3;Cq we compute
ż

B1p0q

|V pxq|
2 dx “

1

p4πε0q2

ż

B1p0q

1

|x|2
dx

Using again radial integrationa in R3 we find
ż

B1p0q

1

|x|2
dx “

ż 1

0

4πr2

r2
dr “ 4π ă 8.

This yields
ż

B1p0q

|V pxq|
2 dx ă 8

and hence the claim.
aThat is a substitution px, y, zq “ pr cosφ cos θ, r sinφ cos θ, r sin θq, where r P p0, 1q, φ P p0, 2πq, θ P

p´π
2 ,

π
2 q

79



4 Trotter’s Product Formula and Path Integrals
We have finally understood what a solution of the Schrödinger equation is (Axiom 3.0.1).
Then means define a notion of solutions to the Schrödinger equation, even for nonsmooth
initial data ψ0 P L2pR3;Cq. We have also seen that one needs conditions on the potential to
formulate it rigorously, e.g. V P L2pR3;Rq ` L8pR3;Rq (which we will assume throughout
this chapter).
Having a formulation of a problem is nice, but in the end we want to compute solutions –
because this is also what physicists would expect from a mathematical theory (the answer
“yes the Schrödinger equation is well-posed” is probably not very satisfactory...).
Hence we will discuss how the solution can be computed by means of path integrals (a notion
that lacks a little bit a rigorous definition, but we will be able to write down what it a path
integral means mathematically).
Let V P L2pR3;Rq ` L8pR3;Rq. We know from Proposition 3.2.26 that H “ ´1

2
∆ ` MV :

W 2,2pR3,Cq Ñ L2pR3;Cq is self-adjoint. In particular, Stone’s Theorem (Theorem 3.2.13)
shows that there exists a unitary group pe´itHqtPR “ pe´itp´ 1

2
∆`MV qqtPR. Now we would like

to find an explicit formula to compute this group. We already know how the SCU-group
associated to the summands ´1

2
∆ and MV look like. Indeed, recall from the discussion below

Example 3.2.15 that for each φ P L2pR3;Cq we have

pe´itMV φqpxq “ e´itV pxqφpxq a.e. x P R3 (64)

Moreover, recall from (41) and the discussion before as well as Proposition 3.2.17 that for all
φ P L2pR3;Cq we have (if t ‰ 0)

pe´itp´ 1
2
∆qφqpxq “

1

p2πitq
3
2

˜ż

Rd
ei

|x´y|2

2t φpyq dy a.e. x P R3 (65)

That means, for each summand we already know the generated SCU-group. One naive
approach would now be to hope that the functional equality of the exponential function
applies and we somehow have the following

Hope (turns out to be wrong): e´itH
“ e´itp´ 1

2
∆`MV q

“ e´itp´ 1
2
∆q

˝ e´itMV . (66)

But this is false. To understand why this is false and how to correct it, we start very simple
with some observations in finite dimensions. Generalizing these to infinite dimension will
already yield an approximation formula for e´itH .

4.0.1 The finite dimensional case

We would now like to investigate (66) further. And to be simple we start with a finite-
dimensional consideration

Definition 4.0.1 — Unitary Matrix Exponential
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Let A P Cnˆn be a matrix and t P R. We define the unitary matrix exponential

e´itA :“ lim
mÑ8

m
ÿ

k“0

p´itAqk

k!
P Cnˆn, (67)

where A0 :“ Inˆn is the identitiy matrix and the limit can be understood with respect to
any norm in Cnˆn (which one is taken is irrelevant as two norms on Cnˆn are equivalent).

To check that this is well-defined we have to ensure that the series in (67) converges for all
t P R and A P Cnˆn. This is seen as follows. First of all recall that one can find a norm
∥¨∥Cnˆn on Cnˆn such that for A,B P Cnˆn we have2

∥A ¨ B∥Cnˆn ď ∥A∥Cnˆn ¨ ∥B∥Cnˆn . (68)

In particular, for k P N we have ∥Ak∥Cnˆn “ ∥A∥kCnˆn . As a result we compute for each t P R
that

8
ÿ

k“0

∥∥∥∥p´itAqk

k!

∥∥∥∥
Cnˆn

ď

8
ÿ

k“0

|t|k∥A∥kCnˆn

k!
“ e|t| ∥A∥Cnˆn ă 8.

In particular,
8
ř

k“0

p´itAqk

k!
converges absolutely and hence also converges3. Moreover this and

the triangle inequality reveals that

∥∥e´itA
∥∥
Cnˆn “

∥∥∥∥∥ 8
ÿ

k“0

p´itAqk

k!

∥∥∥∥∥
Cnˆn

ď e|t| ∥A∥Cnˆn (69)

14.07.2026
To check the plausibility of (66), we would like to investigate whether for two matrices
A,B P Cnˆn one has e´itpA`Bq “ e´itAe´itB. For n “ 1 this is true, since 1 ˆ 1-matrices are
just complex numbers and then we just have the standard exponential function in C. For
t “ 0 the relation is also always true regardless of the value of n as one readily checks with
(67) that e0 “ Inˆn. But already for n “ 2 and any t ‰ 0 this relation can be false.

Example 4.0.2

Suppose that A “

ˆ

1 0
0 0

˙

and B “

ˆ

0 1
0 0

˙

.

2If you have attended functional analysis, you would probably be inclined to take the operator norm.
What however also does the job is the Hilbert-Schmidt-Norm: For A “ paijqi,j“1,...,n the Hilbert-Schmidt
norm is defined as

∥A∥Cnˆn :“

g

f

f

e

n
ÿ

i,j“1

|aij |2.

One is readily convinced that then ∥A ¨B∥Cnˆn ď ∥A∥Cnˆn∥B∥Cnˆn

3Here we used that in Banach spaces absolutely convergent series are also convergent. If you have seen
that not in this generality you can probably easily prove it in Cn - the precise choice of the norm does not
play a role in this special case as all norms are equivalent.
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Claim. e´itpA`Bq ‰ e´itAe´itB for all t ‰ 0.

Proof. First note that A is a diagonal matrix and hence for all k P N0

Ak “

ˆ

1k 0
0 0k

˙

Therefore one has for all t P R

e´itA
“ lim

mÑ8

m
ÿ

k“0

1

k!

ˆ

p´itqk 0
0 0k

˙

“

˜

ř8

k“0
p´itqk

k!
0

0
ř8

k“0
0k

k!

¸

“

ˆ

e´it 0
0 1

˙

For B we compute

B0
“

ˆ

1 0
0 1

˙

, B1
“

ˆ

0 1
0 0

˙

, B2
“ B3

“ B4
“ ... “

ˆ

0 0
0 0

˙

Hence for all m ě 2 we have
m
ÿ

k“0

p´itBqk

k!
“

ˆ

1 0
0 1

˙

`

ˆ

0 ´it
0 0

˙

“

ˆ

1 ´it
0 1

˙

And thus
e´itB

“

ˆ

1 ´it
0 1

˙

As a result we have

e´itAe´itB
“

ˆ

e´it 0
0 1

˙ ˆ

1 ´it
0 1

˙

“

ˆ

e´it ´ite´it

0 1

˙

. (70)

Now define
C :“ A ` B “

ˆ

1 1
0 0

˙

One readily checks that C2 “ C. As a result one has Ck “ C for all k ě 1 and thus for
m ě 2 one has

m
ÿ

k“0

p´itCqk

k!
“

ˆ

1 0
0 1

˙

`

m
ÿ

k“1

p´itqk

k!
C

Letting m Ñ 8 we obtain

e´itC
“

ˆ

1 0
0 1

˙

`

˜

8
ÿ

k“1

p´itqk

k!

¸

C “

ˆ

1 0
0 1

˙

` pe´it
´ 1q

ˆ

1 1
0 0

˙

“

ˆ

e´it e´it ´ 1
0 1

˙

.
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Now we compare this result to (70) and find that e´itAe´itB “ e´itpA`Bq iff e´it´1 “ ´ite´it.
We claim that this is not true for any t ‰ 0. Assume that it is true for some t ‰ 0. We
multiply by eit and find that the expression is equivalent to

1 ´ eit “ ´it

Taking real and imaginary part we find 1 ´ cosptq “ 0 and sinptq “ t. As a result we find

1 “ cos2ptq ` sin2
ptq “ 12 ` t2 “ 1 ` t2,

yielding t “ 0, a contradiction.

There is however one special case where the relation in which e´itpA`Bq “ e´itAe´itB @t P R
holds true: Namely if and only if A and B commute.

Proposition 4.0.3

Let A,B P Cnˆn. Then the following are equivalent

• AB “ BA

• For all t P R we have
e´itpA`Bq

“ e´itAe´itB. (71)

We will not show a proof of this result that since it is purely finite-dimensional and not of
our interest. What is much more important is the

Bottom Line. In general the commutation relation (71) is not true.

Instead we formulate an approximation result for e´itpA`Bq, which will have a helpful gen-
eralization to infinite dimensions. The approximation result is inspired by the following
observation: If a P C is some number then for all m P N

e´ita
“ pe´i t

m
a
q
m (72)

In particular e´ita can be written as a product of exponentials with small exponents. Since
the commutation relation e´itpA`Bq “ e´itAe´itB is certainly true for t “ 0, maybe it almost
valid for small t. Bringing this idea and (72) we obtain the following approximation result

Theorem 4.0.4 — Lie’s product formula

Let A,B P Cnˆn be matrices. Then for all t P R we have

e´itpA`Bq
“ lim

mÑ8

´

e´i t
m
Ae´i t

m
B

¯m

.

(Again the limit can be taken with respect to any matrix norm as all norms on Cnˆn are
equivalent)
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Proof. For this proof ∥¨∥ : Cnˆn Ñ R will denote any matrix norm that satisfies the
submultiplicativity estimate (68). Let t P R. Define for m P N the matrices

Sm :“ e´i t
m

pA`Bq Tm :“ e´i t
m
Ae´i t

m
B.

Then we may use a telescopic sum to compute

Smm ´ Tmm “

m´1
ÿ

k“0

Sk`1
m Tm´pk`1q

m ´ SkmT
m´k
m “

m´1
ÿ

k“0

SkmpSm ´ TmqTm´k´1
m .

We now use the triangle inequality and the submultiplicativity to compute

∥Smm ´ Tmm ∥ ď

m´1
ÿ

k“0

∥SkmpSm ´ TmqTm´k´1
m ∥ ď

m´1
ÿ

k“0

∥Sm∥k∥Sm ´ Tm∥ ∥Tm∥m´k´1

“ ∥Sm ´ Tm∥
m´1
ÿ

k“0

maxt∥Sm∥, ∥Tm∥u
kmaxt∥Sm∥, ∥Tm∥u

m´k´1

“ ∥Sm ´ Tm∥
m´1
ÿ

k“0

maxt∥Sm∥, ∥Tm∥u
m´1

“ ∥Sm ´ Tm∥mmaxt∥Sm∥, ∥Tm∥u
m´1

(73)

Now we estimate ∥Sm ´ Tm∥. To this end we may write

Sm´Tm “ e´i t
m

pA`Bq
´e´i t

m
Ae´i t

m
B

“

8
ÿ

k“0

p´itpA ` Bqqk

k!mk
´

˜

8
ÿ

k“0

p´itAqk

k!mk

¸ ˜

8
ÿ

k“0

p´itBqk

k!mk

¸

.

Now writing Op 1
m2 q for terms whose product with m2 is bounded (w.r.t. ∥¨∥) as m Ñ 8

we have

Sm ´ Tm “ I `
´itpA ` Bq

m
` Op 1

m2 q ´ pI `
´itA

m
` Op 1

m2 qqpI `
´itB

m
` Op 1

m2 qq

“ I `
´itpA ` Bq

m
` Op 1

m2 q ´ I `
´itA

m
I ´ I

´itB

m
` Op 1

m2 q

“ I ´
itpA ` Bq

m
´ I `

itA

m
`
itB

m
` Op 1

m2 q “ Op 1
m2 q.

Hence we obtain that pm2∥Sm ´ Tm∥qmPN is bounded by some C ą 0, i.e.

∥Sm ´ Tm∥ ď
C

m2
@m P N

Using this in (73) we find

∥Smm ´ Tmm ∥ ď
C

m2
mmaxt∥Sm∥, ∥Tm∥u

m´1
“
C

m
maxt∥Sm∥m´1, ∥Tm∥m´1

u (74)
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We can estimate further using (69) and the submultiplicativity

∥Sm∥m´1
“ ∥e´i t

m
pA`Bq∥m´1

“ pe
1
m

|t| ∥A`B}Cnˆn q
m´1

“ e
m´1
m

|t| ∥A`B}Cnˆn ď e|t| ∥A`B}Cnˆn

and (again using (69))

∥Tm∥m´1
“ ∥e´i t

m
Ae´i t

m
B∥m´1

ď

´

∥e´i t
m
A∥ ∥e´i t

m
B∥

¯m´1

“ pe
1
m

|t| ∥A}Cnˆne
1
m

|t| ∥B}Cnˆn q
m´1

ď e|t| p∥A}Cnˆn`∥B}Cnˆn q.

Using this and (74) we obtain that for some K ą 0 we have

∥Smm ´ Tmm ∥ ď
K

m
mÑ8
ÝÝÝÑ 0.

Finally we compute that for m P N, the fact that 1
m

pA ` Bq and 1
m

pA ` Bq commute
implies together with Proposition 4.0.3

Smm “ pe´it 1
m

pA`Bq
q
m

““““
Prop4.0.3

e´itm¨ 1
m

pA`Bq
“ e´itpA`Bq.

We obtain
∥e´itpA`Bq

´ pe´i t
m
Ae´i t

m
B

q
m∥Cnˆn

mÑ8
ÝÝÝÑ 0,

as claimed.

4.0.2 The infinite-dimensional case

This theorem and its proof can (with some modifications) be generalized to the case of infinite
dimensions for self-adjoint operators.

Theorem 4.0.5 — The Trotter-Kato Formula

Let A : DpAq Ñ L2pRd;Cq and B : DpBq Ñ L2pRd;Cq be two self-adjoint operators
and suppose that A ` B : DpAq X DpBq Ñ L2pRd;Cq is self-adjoint. Then for each
φ P L2pRd;Cq and t P R we have

e´itpA`Bqφ “ LIM
mÑ8

´

e´i t
m
Ae´i t

m
B

¯m

φ. (75)

(Recall that LIM
mÑ8

is to be understood as limit of L2-functions)

Before we prove this theorem we need a preparatory lemma about the domain of self-adjoint
operators, which is of independent interest.

Lemma 4.0.6

Suppose that A : DpAq Ñ L2pRd;Cq is a self-adjoint operator and DpAq be densea in
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L2pRd;Cq. Then

(i) A is closed on DpAq, i.e. if pφnqnPN Ď DpAq is such that φn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

φ and

Aφn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

g for some φ, g P L2pRd;Cq then φ P DpAq and g “ Aφ.

(ii) The vector space DpAq, endowed with the norm ∥φ∥DpAq :“ ∥φ∥L2 ` ∥Aφ∥L2 , forms
a Banach space (i.e. it is complete with respect to ∥¨∥DpAq).

aActually, we already require in Definition 3.2.13 that the the domain of any self-adjoint operator
has to be dense, so we would not have to include this prerequsite. However, to be consistent with the
literature we include it here (since other literature does not require density of the domain for the definition
of self-adjointness).

Proof. We start with (i). Let pφnqnPN Ď DpAq and φ, g P L2pRd;Cq be such that

φn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

φ, Aφn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

g.

We first show that φ P DpAq. Using Definition 3.2.13(ii) it suffices to show that there
exists C ą 0 with the property that

|xAη, φy| ď C∥η∥L2 for all η P DpAq.

To this end let η P DpAq. Then we have (due to symmetry of A, the convergences we have
and the Cauchy-Schwarz inequality)

|xAη, φy| “ lim
nÑ8

|xAη, φny| “ lim
nÑ8

|xη, Aφny| “ |xη, gy| ď ∥η∥L2∥g∥L2 .

The claim follows with C :“ ∥g∥L2 (and as stated above Definition 3.2.13(ii) implies that
φ P DpAq). It remains to show that g “ Aφ. To this end we compute first that for each
η P DpAq we have

xAφ, ηy “ xφ,Aηy “ lim
nÑ8

xφn, Aηy “ lim
nÑ8

xAφn, ηy “ xg, ηy.

In particular xAφ´ g, ηy “ 0 for all η P DpAq. Now, since DpAq is dense in L2pRd;Cq take

pηnqnPN Ď DpAq such that ηn
L2pRd;Cq
ÝÝÝÝÝÑ Aφ ´ g. As a result we have

xAφ ´ g, Aφ ´ gy “ lim
nÑ8

xAφ ´ g, ηny “ lim
nÑ8

0 “ 0,

and thus ∥Aφ ´ g∥L2 “ 0, i.e. Aφ “ g.

Now we turn to (ii). It is clear by definition that DpAq is a vector space. We leave it as
an exercise to show that ∥¨∥DpAq is a norm. Now it remains to show that pDpAq, ∥¨∥DpAqq

is complete. Let pφnqnPN Ď DpAq be a Cauchy sequence with respect to ∥¨∥DpAq. One is
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readily convinced that then pφnqnPN and pAφnqnPN are Cauchy sequences in L2pRd;Cq.a

Since L2pRd;Cq is complete we find limits φ, g P L2pRd;Cq such that φn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

φ and

Aφn
nÑ8

ÝÝÝÝÝÑ
L2pRd;Cq

g. By (i) we have φ P DpAq and Aφ “ g. This implies

∥φn ´ φ∥DpAq “ ∥φn ´ φ∥L2 ` ∥Apφn ´ φq∥L2

“ ∥φn ´ φ∥L2 ` ∥Aφn ´ Aφ∥L2

“ ∥φn ´ φ∥L2 ` ∥Aφn ´ g∥L2
nÑ8
ÝÝÝÑ 0 ` 0 “ 0.

As a result pφnqnPN is convergent with respect to ∥¨∥DpAq. Completeness of DpAq with
respect to ∥¨∥DpAq is shown.

aIndeed, let ε ą 0. Due to the fact that pφnqnPN is a Cauchy sequence with respect to ∥¨∥DpAq we find
that

Dn0 P N : @n,m ě n0 : ∥φn ´ φm∥DpAq ă ε.

Now observe that for m,n P N we have ∥φn ´ φm∥L2 ď ∥φn ´ φm∥DpAq and ∥Aφn ´ Aφm∥L2 “

∥Apφn ´ φmq∥L2 ď ∥φn ´ φm∥DpAq. As a result we obtain that (for n0 chosen as above)

@n,m ě n0 : ∥φn ´ φm∥L2 ă ε

and
@n,m ě n0 : ∥Aφn ´Aφm∥L2 ă ε.

This shows the claimed Cauchy property.

Before we start the proof we will also recall the Uniform Boundedness principle. To this end
we recall some notation. For two Banach spaces X and Y we denote by LpX, Y q the set of
all continuous linear operators. For T P LpX, Y q we define the operator norm

∥T∥LpX,Y q :“ sup
fPX:f‰0

∥Tf∥Y
∥f∥X

,

which is a finite number if and only if T P LpX, Y q. One is readily convinced that ∥¨∥LpX,Y q

defines a norm on LpX,Y q and

@f P X : ∥Tf∥Y ď ∥T∥LpX,Y q∥f∥X .

Theorem 4.0.7 — Uniform Boundedness Principle

Let X, Y be Banach spaces and F Ď LpX, Y q be any set of linear and continuous operators.
If

@x P X supt∥Tx∥Y : T P Fu ă 8

then
supt∥T∥LpX,Y q : T P Fu ă 8

We are now ready to prove the Trotter-Kato-Formula.
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Proof (of Theorem 4.0.5). Let A : DpAq Ñ L2pRd;Cq and B : DpBq Ñ L2pRd;Cq be
as in the statement. Define D :“ DpAq X DpBq. Recall that A is the generator of the
SCU-group pe´itAqtPR and B is the generator of the SCU-group pe´itBqtPR. Note that for
φ P D and s P Rzt0u we have (due to Definition 3.2.6)

1

s
pe´isAe´isBφ ´ φq “

1

s
pe´isAφ ´ φq `

1

s
e´isA

pe´isBφ ´ φq (76)

By Definition 3.2.6 the first summand tends to ´iAφ in L2pRd;Cq as s Ñ 0 (since A is
the generator of pe´itAqtPR, p˚q). Hence the L2-convergence of the first summand in (76) is
readily understood. We will now examine the second summand, which is a tiny bit more
involved. First note that for the same reason as in p˚q we have that e´isBφ´φ

s

sÑ0
ÝÝÝÝÝÑ
L2pRd;Cq

´iBφ

as s Ñ 0. Now we may write

1

s
e´isA

pe´isBφ ´ φq “ e´isA

ˆ

e´isBφ ´ φ

s
` iBφ

˙

´ e´isAiBφ. (77)

The last summand tends to ´iBφ in L2pRd;Cq as s Ñ 0 by Axiom (U2) of Definition
3.2.1. For the first summand we compute (using the unitariness)∥∥∥∥e´isA

ˆ

e´isBφ ´ φ

s
` iBφ

˙
∥∥∥∥
L2

“

∥∥∥∥e´isBφ ´ φ

s
` iBφ

∥∥∥∥
L2

sÑ0
ÝÝÑ 0.

In particular, the whole expression in (77) goes to ´iBφ and thus (76) yields

1

s
pe´isAe´isBφ ´ φq

sÑ0
ÝÝÝÝÝÑ
L2pRd;Cq

´iAφ ´ iBφ “ ´ipA ` Bqφ. (78)

Due to the fact that A ` B generates the SCU-group pe´itpA`BqqtPR we also have

1

s
pe´ispA`Bqφ ´ φq “ ´ipA ` Bqφ ps Ñ 0q.

We can now define for s P Rzt0u the linear operator Kpsq :“ 1
s
pe´isAe´isB ´ e´ispA`Bqq :

D Ñ L2pRd;Cq and infer from the last two equations thata

@φ P D : Kpsqφ
sÑ0

ÝÝÝÝÝÑ
L2pRd;Cq

0 (79)

Intermediate claim 1. If D is endowed with the norm ∥φ∥D :“ ∥φ∥L2 ` ∥pA ` Bqφ∥L2

(see Lemma 4.0.6) then supt∥Kpsq∥LpD,L2q : s P Rzt0uu ă 8

To this end note first that D is a Banach space w.r.t. ∥¨∥D by Lemma 4.0.6 (and the
prerequisite that A`B is self-adjoint). We seek to apply the uniform boundedness principle
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to X “ D, Y “ L2pRd;Cq and F :“ tKpsq : s P Rzt0uu. First note that in this case F
contains only linear and continous operators, since for each s P R and φ0 P D we have

∥Kpsqφ0∥L2 “
1

|s|
∥pe´isAe´isB

´ e´ispA`Bq
qφ0∥L2

ď
1

|s|
p∥e´isAe´isBφ0∥L2 ` ∥e´ispA`Bqφ0∥L2q

““““““““““““
(U1) in Def3.2.1

1

|s|
p∥φ0∥L2 ` ∥φ0∥L2q “

2

|s|
∥φ0∥L2 ď

2

|s|
∥φ0∥D. (80)

This implies that for each s P Rzt0u the operator Kpsq : D Ñ L2pRd;Cq is linear and
bounded with operator norm ∥Kpsq∥LpD,L2q ď 2

|s|
. Next we will show that for each φ0 P D

we have Sφ0 :“ supt∥Kpsqφ0∥L2 : s P Rzt0uu ă 8. To this end fix φ0 P D and let
psnqnPN Ă Rzt0u be such that ∥Kpsnqφ0∥L2

nÑ8
ÝÝÝÑ Sφ0 . We distinguish two cases.

Case 1. sn ­ÝÑ 0 as n Ñ 8.

In this case we can find a subsequence psℓnqnPN and δ ą 0 such that |sℓn | ą δ for all n P N.
Therefore we have

Sφ0 “ lim
nÑ8

∥Kpsℓnqφ0∥L2 ď
(80)

lim inf
nÑ8

2

|sℓn |
∥φ0∥D ď

2

δ
∥φ0∥D ă 8.

Case 2. sn ÝÑ 0 as n Ñ 8

Then by (79) we have

Sφ0 “ lim
nÑ8

∥Kpsnqφ0∥L2 “ lim
nÑ8

∥Kpsnqφ0 ´ 0∥L2 “ lim
sÑ0

∥Kpsqφ0 ´ 0∥L2 “ 0 ă 8.

We have shown that for all φ0 P D we have supt∥Kpsqφ0∥L2 : s P Rzt0uu ă 8. Thereupon
the uniform boundedness principle yields the intermediate claim.

Intermediate claim 2. If K Ď D is a compact set then lim
sÑ0

sup
φPK

∥Kpsqφ∥L2 “ 0.

To this end choose for each s P Rzt0u some φs P K such that ∥Kpsqφs∥L2 “ sup
φPK

∥Kpsqφ∥L2

(using that this supremum is attained since K is compact). Now let psnqnPN Ď Rzt0u be a
sequence that converges to 0. Assume for a contradiction that ∥Kpsnqφsn∥L2 ­ÝÑ 0. Then
there exists δ ą 0 and a subsequence pℓnqnPN Ď N such that ∥Kpsℓnqφsℓn∥L2 ě δ for all
n P N. Possibly choosing a further subsequence we can (due so the fact that pφℓnqnPN Ă K

and K is compact) also assume that there exists some φ0 P K such that φℓn
nÑ8
ÝÝÝÑ
D

φ0 (by

which we mean ∥φℓn ´ φ0∥D
nÑ8
ÝÝÝÑ 0). Using this we can write

Kpsℓnqφsℓn “ Kpsℓnqpφsℓn ´ φ0q ` Kpsℓnqφ0.
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Now due to (79) we have ∥Kpsℓnqφ0∥L2
nÑ8
ÝÝÝÑ 0. Moreover we have (using Intermediate

Claim 1)

∥Kpsℓnqpφsℓn ´ φ0q∥L2 ď ∥Kpsℓnq∥LpD;L2q ∥φsℓn ´ φ0∥D

ď

˜

sup
s1PRzt0u

∥Kps1
q∥LpD;L2q∥

¸

φsℓn ´ φ0∥D
nÑ8
ÝÝÝÑ 0.

Intermediate claim 3. Let φ0 P D and M P N. Then the set
K :“ te´ispA`Bqφ0 : s P r´M,M su is compact in D.

To this end we take a sequence in K, say pe´isnpA`Bqφ0qnPN where sn P r´M,M s for all
n P N. Clearly psnqnPN Ă r´M,M s has a convergent subsequence psℓnqnPN whose limit we
call s P r´M,M s. We claim that now ∥e´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0∥D

nÑ8
ÝÝÝÑ 0. To this end

recall that

∥e´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0∥D (81)

“ ∥e´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0∥L2 ` ∥pA ` Bqpe´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0q∥L2 .

We first examine the first summand. Due to the Axioms (U1),(U2),(U3) in Definition 3.2.1
we have

∥e´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0∥L2 “
(U3)

∥e´ispA`Bq
pe´ipsℓn´sqpA`Bqφ0 ´ φ0q∥L2

“
(U1)

∥e´ipsℓn´sqpA`Bqφ0 ´ φ0∥L2
nÑ8
ÝÝÝÑ
(U2)

0.

For the second summand we compute (using the commutation relation Proposition 3.2.8
(ii))

∥pA ` Bqpe´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0q∥L2

“ ∥pA ` Bqe´isℓn pA`Bqφ0 ´ pA ` Bqe´ispA`Bqφ0∥L2

“ ∥e´isℓn pA`Bq
pA ` Bqφ0 ´ e´ispA`Bq

pA ` Bqφ0∥L2

We can now argue exactly as in the previous summand with φ1 :“ pA ` Bqφ0 in place of
φ0 to find that this expression tends to 0 as n Ñ 8. Using all these insights in (81) we
obtain

lim
nÑ8

∥e´isℓn pA`Bqφ0 ´ e´ispA`Bqφ0∥D “ 0,

and the claim follows.
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Note that Intermediate claim 2 and 3 together imply that for each φ0 P D we have

lim
sÑ0

sup
rPr´M,Ms

∥Kpsqe´irpA`Bqφ0∥L2 “ 0 (82)

We will use this later. Now we finally turn to (75). We first argue in the special case that
φ “ φ0 P D. For m P N we can write

pe´i t
m
Ae´i t

m
B

q
mφ0 ´ pe´i t

m
pA`Bq

q
mφ0

“

m´1
ÿ

k“0

pe´i t
m
Ae´i t

m
B

q
k`1

pe´i t
m

pA`Bq
q
m´k´1φ0 ´ pe´i t

m
Ae´i t

m
B

q
k
pe´i t

m
pA`Bq

q
m´kφ0

“

m´1
ÿ

k“0

pe´i t
m
Ae´i t

m
B

q
k
pe´i t

m
Ae´i t

m
B

´ e´i t
m

pA`Bq
qpe´i t

m
pA`Bq

q
m´k´1φ0

“

m´1
ÿ

k“0

pe´i t
m
Ae´i t

m
B

q
k t
m
Kp t

m
qe´i pm´k`1qt

m
pA`Bqφ0,

where we have used the SCU-property (U3) from Definition 3.2.1 in the last stepb. Using
the triangle inequality and (U1) we obtain

∥pe´i t
m
Ae´i t

m
B

q
mφ0 ´ pe´i t

m
pA`Bq

q
mφ0∥L2 ď

m´1
ÿ

k“0

|t|
m
∥Kp t

m
qe´i pm´k`1qt

m
pA`Bqφ∥L2

“

m´1
ÿ

k“0

|t|
m

sup
rPr´|t|,|t|s

∥Kp t
m

qe´irpA`Bqφ0∥L2

“ |t| sup
rPr´|t|,|t|s

∥Kp t
m

qe´irpA`Bqφ0∥L2 .

Due to (82) we find that lim
mÑ8

sup
rPr´|t|,|t|s

∥Kp t
m

qe´irpA`Bqφ∥L2 “ 0. We have hence shown

that
LIM
mÑ8

pe´i t
m
Ae´i t

m
B

q
mφ0 ´ pe´i t

m
pA`Bq

q
mφ0 “ 0.

Using again the SCU-property (U3) from Definition 3.2.1 we obtain that pe´i t
m

pA`Bqqm “

e´itpA`Bq (see also the computation in (83)). This implies

LIM
mÑ8

pe´i t
m
Ae´i t

m
B

q
mφ0 “ e´itpA`Bqφ0.

So far we have only looked at the special case φ “ φ0 P D. We however intend to show the
claim for all general φ P L2pRd;Cq. To this end we will use that D is dense in L2pRd;Cq. To
this end let φ P L2pRd;Cq. Fix ε ą 0 arbitrary and choose φ0 P D such that ∥φ´φ0∥ ă 1

2
ε.

We compute

∥pe´i t
m
Ae´i t

m
B

q
mφ ´ e´itpA`Bqφ∥L2
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ď ∥pe´i t
m
Ae´i t

m
B

q
mφ0 ´ e´itpA`Bqφ0∥L2

` ∥pe´i t
m
Ae´i t

m
B

q
m

pφ ´ φ0q∥L2 ` ∥e´itpA`Bq
pφ ´ φ0q∥L2

ď ∥pe´i t
m
Ae´i t

m
B

q
mφ0 ´ e´itpA`Bqφ0∥L2 ` 2∥φ ´ φ0∥L2 ,

where we have used in the last step that all the operators e´i t
m
A, e´i t

m
B, e´itpA`Bq have

operator norm equal one due to (U1) (and also that the operator norm is submultiplicative).
As a result we obtain (given that the claim is already shown for φ0 P D

lim sup
mÑ8

∥pe´i t
m
Ae´i t

m
B

q
mφ ´ e´itpA`Bqφ∥L2 ď 2∥φ ´ φ0∥L2 ă 2 ¨ 1

2
ε “ ε.

Since ε ą 0 was arbitrary we find

lim sup
mÑ8

∥pe´i t
m
Ae´i t

m
B

q
mφ ´ e´itpA`Bqφ∥L2 “ 0.

The claim follows.
aHere we would have to compute for φ P D

Kpsqφ “
1

s
pe´isAe´isB ´ e´ispA`Bqqφ

“
e´isAe´isBφ´ φ

s
´

ˆ

e´ispA`Bqφ´ φ

s

˙

sÑ0
ÝÝÝÝÝÝÑ
L2pRd;Cq

´ipA`Bqφ` ipA`Bqφ “ 0,

where we used (78) to pass to the limit in the first summand and the generator property in Definition
3.2.6 in the second summand.

bIndeed, for ℓ P N we have

pe´i t
m pA`Bqqℓ “ e´i t

m pA`Bq ˝ ... ˝ e´i t
m pA`Bq

looooooooooooooooomooooooooooooooooon

ℓ times

“
pU3q

e´ip t
m `...` t

m qpA`Bq “ e´i ℓt
m pA`Bq. (83)

It should be stressed at this point that this claum does not use any nontrivial commutator law but just
(U3).

4.0.3 Application to the Schrödinger equation

16.07.2026
We have seen that the formula in (66) is generally wrong. Still, the Trotter-Kato Formula in
Theorem 4.0.5 allows us to express e´iHt “ e´ip´ 1

2
∆`MV qt in terms of the known SCU-grops

pe´ip´ 1
2
∆qtqtPR and pe´iMV tqtPR (provided that V is as in Proposition 3.2.26 to ensure that H

is self-adjoint). Namely, for every φ P L2pR3;Cq and t P R we have now

e´itHφ “ e´itp´ 1
2
∆`MV qφ “ LIM

mÑ8
pe´i t

m
p´ 1

2
∆qe´i t

m
MV q

mφ.

Using the explicit formulae (64) and (65) we could now approximate e´iHtφ as closely as we
want. But recall that we want more than that. Indeed, we would like to have a propagator
satisfying similar properties to the free propagator (like a formula as in Theorem 3.1.13
that allows calculation of ψt in terms of the initial value ψ0). Note that for any m P N and
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φ0 P L2pR3;Cq and t P Rzt0u we have (for a.e. x P Rd, writing
ş

instead of ˜
ş

)

re´i t
m

p´ 1
2
∆qe´i t

m
MV φ0spxq “ re´i t

m
p´ 1

2
∆qe´i t

m
V p¨qφ0p¨qspxq “

1

p2πi t
m

q
3
2

ż

R3

e
i |x´y|2

2 tm e´i t
m
V pyqφ0pyq dy

“
m

3
2

p2πitq
3
2

ż

R3

eim
|x´y|2

2t e´i t
m
V pyqφ0pyq dy.

We define thus now φ1 :“ e´i t
m

p´ 1
2
∆qe´i t

m
MV φ0 P L2pR3;Cq to be

φ1pxq “
m

3
2

p2πitq
3
2

ż

R3

eim
|x´y|2

2t e´i t
m
V pyqφ0pyq dy for a.e. x P R3. (84)

Notice that φm :“ pe´ip´ 1
2
∆q t

m e´iMV
t
m qmφ0 can now be calculated applying the above operation

m times. We will now write this more precisely. Define φ1 as above and then for j “ 2, ...,m
form φj :“ e´ip´ 1

2
∆q t

m e´iMV
t
mφj´1 P L2pR3;Cq, i.e. by (84)

φjpxq “
m

3
2

p2πitq
3
2

ż

R3

eim
|x´y|2

2t e´i t
m
V pyqφj´1pyq dy for a.e. x P R3.

We rename the integration variable to be ym´j`1 and thus have for a.e. x P R3

φjpxq “
m

3
2

p2πitq
3
2

ż

R3

eim
|x´ym´j`1|2

2t e´i t
m
V pym´j`1qφi´1pym´j`1q dym´j`1

Now we calculate explicitly

φ1pxq “
m

3
2

p2πitq
3
2

ż

R3

eim
|x´ym|2

2t e´i t
m
V pymqφ0pymq dym

and

φ2pxq “
m

3
2

p2πitq
3
2

ż

R3

eim
|x´ym´1|2

2t e´i t
m
V pym´1qφ1pym´1q dym´1

“
m3

p2πitq3

ż

R3

ż

R3

eim
|x´ym´1|2

2t e´i t
m
V pym´1qeim

|ym´1´ym|2

2t e´i t
m
V pymqφ0pymq dym dym´1

“
m3

p2πitq3

ż

R3

ż

R3

eim
|x´ym´1|2`|ym´1´ym|2

2t e´i t
m

pV pym´1q`V pymqqφ0pymq dym dym´1

“
m3

p2πitq3

ż

R3

ż

R3

e
i t
m

ˆ

|x´ym´1|2`|ym´1´ym|2

2pt{mq2
´V pym´1q´V pymq

˙

φ0pymq dym dym´1

Inductively we obtain for a.e. y0 P R3

φmpy0q “
m

3m
2

p2πitq
3m
2

ż

R3

¨ ¨ ¨

ż

R3

exp

˜

i
t

m

m
ÿ

i“1

ˆ

|yi ´ yi´1|2

2pt{mq2
´ V pyiq

˙

¸

φ0pymq dym ... dy1.

Hence we have shown
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Proposition 4.0.8

Let V P L2pR3;Cq `L8pR3;Cq. Then for H “ ´1
2
∆`MV : W 2,2pR3;Cq Ñ L2pR3;Cq and

φ P L2pR3;Cq, t P Rzt0u we have

e´itHφ “ LIM
mÑ8

m
3m
2

p2πitq
3m
2

ż

R3

¨ ¨ ¨

ż

R3

exp piSmp¨, y1, ..., ym, tqqφpymq dym ... dy1. (85)

where Sm : R3pm`1q ˆ Rzt0u Ñ R is given by

Smpy0, y1, ..., ym, tq :“
t

m

m
ÿ

j“1

ˆ

|yj ´ yj´1|
2

2pt{mq2
´ V pyjq

˙

. (86)

This formula was stated first in 1948 by Feynman on the basis of a physical interpretation. If
a classical particle of mass 1 moves along a trajectory ω “ ωpsq, 0 ď s ď t inside a potential
V (suitably smooth) it is said to have action equal to

Spωq :“

ż t

0

p1
2
| 9ωpsq|

2
´ V pωpsqqq ds

Now suppose that ω “ ωy0,...,ym is the piecewise linear interpolation of y0, ..., ym, that is

• ω is affine linear on r
pk´1qt
m

, kt
m

s for all k “ 1, ...,m

• ωpkt
m

q “ yk

In particular 9ω is constant on p
pk´1qt
m

, kt
m

q and for s P p
pk´1qt
m

, kt
m

q we have

9ωpsq “
ωpkt

m
q ´ ωp

pk´1qt
m

q

t
m

“
yk ´ yk´1

t
m

This shows that
ż t

0

1

2
| 9ωpsq|

2 ds “

m
ÿ

j“1

ż
jt
m

pj´1qt
m

1

2
| 9ωpsq|

2 ds “

m
ÿ

j“1

ż
jt
m

pj´1qt
m

1

2

|yj ´ yj´1|
2

pt{mq2
ds “

t

m

m
ÿ

j“1

|yj ´ yj´1|
2

2pt{mq2
.

If the potential is not varying too much one could also approximate
ż t

0

V pωpsqq ds “

m
ÿ

j“1

ż
jt
m

pj´1qt
m

V pωpsqq ds «

m
ÿ

j“1

ż
jt
m

pj´1qt
m

V pωp
jt
m

qq ds “
t

m

m
ÿ

j“1

V pyjq.

As a consequence we obtain

Spωy0,...,ymq coincides almost with Smpy0, ..., ym, tq given as in (86).

Replacing this, the right hand side of (85) reads

pe´iHtφqpy0q “ LIM
mÑ8

m
3m
2

p2πitq
3m
2

ż

R3

¨ ¨ ¨

ż

R3

eiSpωy0,...,ym qφpωy0,...,ymptqq dym... dy1 for a.e y0 P R3

(87)

94



Having now rewritten the integrand as a function of piecewise continuous paths ωy0,...,ym we
would like to understand the limit procedure as m Ñ 8 more closely. It is now reasonable to
expect that the limit

pe´itHφqpy0q “

ż

Ω

eiSpωqφpωptqq dµy0pωq,

where Ω is the set of continuous paths on r0, ts and µx0 is a measure on Ω, the so called
Wiener measure. This is what physicists call a path integral. In reality it should be imagined
as nothing but the limit in (87).
This is now the end of the lecture. We hope that we could shed some light on the important
mathematical tools and basic concepts of quantum mechanics. We have covered a quite
substantial introduction to the time-dependent Schrödinger equation but we have completely
ignored the time-independent Schrödinger equation. A more thorough lecture would probably
also address this topic and also give a proof of Stone’s Theorem (Theorem 3.2.12). In order to
do so, one needs spectral theory of self-adjoint operators, which would certainly be a natural
extension of the present course. For now, we thank the readers very much for their interest
and patience!
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