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Abstract. We propose an algorithm for computing the number of or-
dered integer partitions with upper bounds. This problem’s task is to
compute the number of distributions of z balls into n urns with con-
strained capacities i1, . . . , in (see [10]). It has applications in the theory
of database preferences as described in [3] and [9]. The running time
of our algorithm depends only on the number of urns and not on their
capacities as in other previously known algorithms.

1 Introduction

In this paper we investigate the problem of ordered integer partition with upper
bounds as described in the abstract. There is a lot of work about (not ordered)
partition with all kinds of constraints and some elementary results about ordered
partitions without constraints (see e.g. [1], [2], [5] and [8]). Although our problem
is a nearby generalisation of the concept of the composition of a natural number
(see e.g. [8]) the problem with the additional constraint of upper bounds seems
not to be treated on a broader way till now. Even the classical textbook [5] does
not mention the problem at all. A special case of the problem (with conditions
posed on the upper bounds) is treated in [10], but not from an algorithmic point
of view.

The problem of ordered integer partition with upper bounds appears in [3]
and [9] in the context of database theory. Here it is used to determine the width
(in a certain sense) of a graph and can help to reduce the complexity of an
algorithm under consideration. Beside this application, it seems to be anyway
an interesting and challenging problem to us.

The paper is organised as follows: Section 2 introduces the problem and
fixes some writing conventions. In Section 3 the basic idea of our algorithm
is sketched and illustrated by an example to which we will refer also in the
following sections. A formal proof of the correctness is given in Section 4, whereas
Section 5 is dedicated to the implementation and analysis of its running time.
The predictions of the theoretical analysis are reviewed in Section 6 which is
dedicated to our experimental results. Finally, we summarise our results and
give an outlook to future work in Section 7.
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2 The Problem

Definition 2.1. Given a sequence I = (i1, i2, . . . , in) of n positive integers and
an integer number z we call a sequence J = (j1, j2, . . . , jn) of n nonnegative
integers an ordered partition of z wrt. I if the following two requirements are
fulfilled:

1. ∀l ∈ {1 . . . n} : jl ≤ il
2.

n∑
k=1

jk = z

We call I the upper bounds and z the target value. By #(I, z) we denote the
number of distinct ordered partitions of z wrt. I.

Since we consider in this paper only ordered partitions we will from now on
use the term partition instead of ordered partition.

With upper case letters I and J we refer to sequences of nonnegative (or
positive, depending on the context) integers. By |I| we denote the length of such
a sequence.

Clearly, for all sequences I we have #(I, z) = 0 if z < 0 and #(I, 0) = 1.

Moreover, for a sequence I = (i1, i2, . . . , in) the equalities #(I,
n∑
k=1

ik) = 1 and

#(I, z) = 0 for arbitrary z >
n∑
k=1

ik hold trivially. In the case of only one upper

bound, i.e. I = (i1), we obtain #((i1), z) = 1 if 0 ≤ z ≤ i1 and #((i1), z) = 0
otherwise.

3 The Idea of the Algorithm

In [9] and [3] the following recursion formula for the number of partitions is
given:

Lemma 3.1. The equality #((i1, i2, . . . , in), z) =
z∑
k=0

#((i1, i2, . . . , in−m), k) ·

#((in−m+1, in−m+2, . . . , in), z − k) holds for arbitrary m with 1 ≤ m ≤ n− 1.

Using this formula one can reduce in a divide-and-conquer manner the com-
putation to trivial problems of the form #(I, z) for a one element sequence I.
Although easy to prove (see again [3] and [9]) and intuitively clear, this formula
is unsatisfying from a computational point of view. Its running time obviously
depends on the i′ks and the value of z, even if there are heuristics how to split up
the sequence I advantageously. In contrast, we will develop an algorithm with
a running time depending only on the length of the sequence of upper bounds
under the assumption that elementary arithmetic operation can be executed in
constant time.

By setting m = n− 1 in Lemma 3.1 we obtain the following formula:
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#((i1, i2, . . . , in), z) =

z∑
k=0

#((i1, i2, . . . , in−1), k) ·#((in), z − k) (1)

Since (in) is a single valued sequence the factor #(in, z−k) becomes either zero
or one. Our aim is to show that #(I, z) for a fixed sequence I can be written as
piecewise defined polynomials in z of degree at most |I| − 1.

z #((30), z)

−∞ < z ≤ −1 0

0 ≤ z ≤ 30 1

31 ≤ z <∞ 0

z #((30, 50), z)

−∞ < z ≤ −1 0

0 ≤ z ≤ 30 z + 1

31 ≤ z ≤ 49 31

50 ≤ z ≤ 80 81− z

81 ≤ z ≤ ∞ 0

z #((30, 50, 10), z)

−∞ < z ≤ −1 0

0 ≤ z ≤ 9 z2

2
+ 3z

2
+ 1

10 ≤ z ≤ 30 11z − 44

31 ≤ z ≤ 40 − z2

2
+ 81z

2
− 479

41 ≤ z ≤ 49 341

50 ≤ z ≤ 59 − z2

2
+ 99z

2
− 884

60 ≤ z ≤ 80 −11z + 946

81 ≤ z ≤ 90 z2

2
− 183z

2
+ 4186

91 ≤ z <∞ 0

Fig. 1. The Stages of the Algorithm

Before proving this formally we will illustrate our approach on an exam-
ple. Consider the sequence Ie = (30, 50, 10). We begin the recursion from For-
mula 1 with the sequence I1e = (30). Clearly we have #((30), z) = 0 for z < 0,
#((30), z) = 1 for 0 ≤ z ≤ 30 and #((30), z) = 0 for z ≥ 31. This is illustrated
in the upper left table of Figure 1. To evaluate the next recurrence step, namely

#((30, 50), z) =
z∑
k=0

#((30), k) · #((50), z − k), we investigate the relative be-

haviour of both the terms #((30), k) and #((50), z − k) occuring in the sum.
For z < 0 the sum consists of no summands and therefore evaluates to zero, so
we have (as expected) #((30, 50), z) = 0 for z < 0. The next stage is the case
z ∈ [0, 30]. Then the term #((50), z − k) evaluates to one, and we have here

#((30, 50), z) =
z∑
k=0

#((30), z) = z + 1. For z ∈ [31, 49] the term #((30), k) be-

comes zero for k ∈ [31, 49], whereas #((50), z−k) equals always one. So we have
#((30, 50), z) = 31. The next case is z ∈ [50, 80]. Then #((30), k) equals one for
k ∈ [0, 30] and #((50), z−k) equals one for k ∈ [0, z−50], so both factors become
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simultaneously one iff k ∈ [z− 50, 30]. This leads here to #((30, 50), z) = 81− z.
In case z > 81 there are no values for k where both the first and the second
factor evaluate to a value different from zero, so we have #((30, 50), z) = 0 for
z > 81. Note that we did compute the values of #((30, 50), z) via piecewise
defined affine linear functions which determine the value of #((30, 50), z). The
situation is depicted in the upper right table of Figure 1.

Till now we have piecewise defined polynomials in z of degree 1 for the value of

#((30, 50), z). For the next step we have to evaluate the term
z∑
k=0

#((30, 50), k) ·

#((10), z − k). Since #((10), z − k) equals 1 iff 0 ≤ z − k ≤ 10 and equals 0

otherwise the previous sum can be written as
z∑

k=z−10
#((30, 50), k). This means,

we have to sum up eleven consecutive values of #((30, 50), k), which can be

done using Gauß’s summation formula for the first n natural numbers, i.e.
n∑
i=0

=

n(n+1)
2 . To execute this purpose we have to examine the relative positions of the

interval [z− 10, z] and the validity intervals of the polynomials of #((30, 50), z),
i.e. the intervals ]−∞,−1], [0, 30], [31, 49], [50, 80] and [81,∞[. We will illustrate
this on a few examples; the rest is left to the reader.

First, for z < 0 we clearly have #((30, 50, 10), z) = 0.
The next case (in which the first part of [z−10, z] lies in the interval ]−∞,−1]

and the second part in [0, 30], i.e., z − 10 ∈ ]−∞,−1] ∧ z ∈ [0, 30]) is the range

z ∈ [0, 9]. Here we have
z∑

k=z−10
#((30, 50), k) =

z∑
k=0

#((30, 50), k) =
z∑
k=0

(k + 1)

= z2

2 + 3z
2 + 1.

Now we consider the interval [10, 30], where [z − 10, z] ⊆ [0, 30]. Here we get
z∑

k=z−10
#((30, 50), k) =

z∑
k=z−10

(k+ 1), and simple arithmetic and Gauß’ formula

lead to the result 11z − 44.
Next we consider the case where the first part of [z− 10, z] lies in [0, 30] and

the second part in [31, 49] (i.e., z−10 ∈ [0, 30] ∧ z ∈ [31, 49]). This happens if z ∈

[31, 40] and gives here the formula
z∑

k=z−10
#((30, 50), k) =

30∑
k=z−10

(k+1)+
z∑

k=31

31,

which evaluates to − z
2

2 + 81z
2 − 479.

If z ∈ [41, 49] then [z − 10, z] ⊆ [31, 49], hence #((30, 50, 10), z) =
z∑

k=z−10
31,

which gives the constant value 341.
The next cases are omitted here, but the reader can find the final result in

the lower table of Figure 1 and may compare it with his own results.

4 Formal Proof

We will now formalise the ideas from the previous section. At the beginning we
need some definitions.
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Definition 4.1. An interval partition of the integers is a finite sequence I =
(I0, I1, . . ., In) of nonempty intervals of the integers such that max(Ik) =

min(Ik+1)− 1 for all k ∈ {0, . . . , n− 1} holds and
n⋃
i=0

In = ZZ .

Obviously, for an interval partition (I0, I1, . . ., In) we have I0 =] −∞, z1]
and In = [z2,∞[ for some integers z1 and z2. An interval partition (I0, I1, . . .,
In) is called normalised if max(I0) = −1 holds. The number of intervals of an
interval partition I is also called its length and denoted by l(I).

During the example execution in Section 3 we got the interval partition Ie
= (] − ∞,−1], [0, 30], [31, 50], [51, 80], [81,∞[) with l(I) = 5, which is even
normalised.

Next we will formalise the splitting of an interval partition:

Definition 4.2. Given an interval partition I = (I0, I1, . . ., In) and a positive
integer z we define a relation ∼z⊆ ZZ × ZZ by x ∼z y =df ∃ i, j : x − z ∈
Ii ∧ y − z ∈ Ii ∧ x ∈ Ij ∧ y ∈ Ij.

Clearly, ∼z is an equivalence relation. Because x ∼z y implies x ∼z y′ for all
y′ with x ≤ y′ ≤ y (which is easy to verify) the equivalence classes of ∼z are
intervals of ZZ . Moreover, I0 and [min(In) + z,∞[ are equivalence classes of ∼z,
so ordering the equivalence classes of ∼z according to their minima or maxima
yields again an interval partition. We call this interval partition the interval
partition induced by I and z and denote it by P(I, z). It is straightforward to
see that the interval partition induced by a normalised interval partition and an
arbitrary positive integer is also a normalised interval partition. For an interval
partition I = (I0, I1, . . ., In), a positive integer z and an interval J of P(I, z) we
call the unique pair (Ii, Ij), given by ∀x ∈ J : x− z ∈ Ii ∧ x ∈ Ij , the witness
intervals of J and denote it by ι(J ) (I and z should be clear from the context).
Note that ι is an injective mapping due to the definition of ∼z.

In our example the interval partition induced by Ie and 10 is the sequence
(]−∞,−1], [0, 10], [11, 30], [31, 40], [41, 50], [51, 60], [61, 80], [81, 90], [91,∞[). The
first five members of this sequence were also considered in Section 3. We have
e.g. ι([0, 10]) = (]−∞,−1], [0, 30), ι([11, 30]) = ([0, 30], [0, 30]) and ι([51, 60]) =
([31, 50], [51, 80]).

The next lemma states an upper bound for the length of an induced interval
partition:

Lemma 4.3. For an interval partition I = (I0, I1, . . ., In) and a positive in-
teger z we have the inequality l(P(I, z)) ≤ 2l(I)− 1.

Proof. We introduce a linear order on the set of witness intervals by (Ii1 , Ij1) <ι
(Ii2 , Ij2) ⇔ i1 < i2 ∨ (i1 = i2 ∧ j1 < j2). Clearly, (I0, I0) is the least element
wrt. this order, and (In, In) is its greatest element (note that both (I0, I0)
and (In, In) are indeed interval witnesses). Now we order the set of all interval
witnesses according to <ι and obatin a chain (Ii0 , Ij0) <ι (Ii1 , Ij1) <ι . . . <ι
(Iim , Ijm) with i0 = j0 = 0 and im = jm = n. For two consecutive pairs (Iik , Ijk)
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and (Iik+1
, Ijk+1

) of this sequence we have (ik+1 + jk+1)− (ik + jk) ∈ {1, 2} due
to the underlying definition of ∼z. Since i0 + j0 = 0 and im + jm = 2n the claim
follows. �

After these definitions and lemmata concerning the partition of ZZ into in-
tervals we will now turn our attention back to integer partitions.

Lemma 4.4. Let I = (i1, i2, . . . , in) with n ≥ 2 be a sequence of n positive

integers and z ∈ ZZ . Then #(I, z) =
z∑

k=z−in
#((i1, i2, . . . , in−1), k) holds.

Proof. Let J = (j1, j2, . . . , jn) be a partition of z wrt. I. Then clearly
n−1∑
k=1

jk =

z − jn holds. So for a fixed jn there are exactly #((i1, i2, . . . , in−1), z − jn) par-
titions. Since jn has to be drawn from the interval [0, in] we have the equality

#(I, z) =
in∑
k=0

#((i1, i2, . . . , in−1), z − k), which leads to the claim after an ele-

mentary index shift. �

A basic fact we rely on is the so called Faulhaber’s formula (see e.g. [2] or [7]).

It states the equality
n∑
i=1

ip =
p∑
j=0

(
p
j

)Bp−j

j+1 n
j+1 for p ∈ IN. Here Bl denotes the

l-th Bernoulli number (see also [2] or [7]).
An easy consequence of this formula is the following lemma:

Lemma 4.5. Consider two arbitrary natural numbers n and γ. Then the func-

tion σγ(z) : [γ,∞[→ ZZ , defined by σγ(z) =
z−γ∑
k=0

kn, is a polynomial in z of

degree n+ 1.

Proof. We show not only the claim but also how to compute the coefficients. First

there are coefficients a0, a1, . . ., an+1 with
z−γ∑
k=0

kn =
n+1∑
l=0

al · (z−γ)l according to

Faulhaber’s formula, as described in [7]. Due to the binomial theorem this sum

equals the sum
n+1∑
l=0

(al ·
l∑

m=0

(
l
m

)
· zm · (−γ)l−m). We define βlm =

(
l
m

)
(−γ)l−m

and obtain the term
n+1∑
l=0

(al ·
l∑

m=0
βlm · zm). After defining δm =

n+1∑
l=m

al · βlm this

leads to the desired result
n+1∑
m=0

δm · zm. �

The following corollary follows from the previous lemma by simple arithmetic
operations:

Corollary 4.6. Let p(x) =
n∑
i=0

ai · xi be a polynomial of degree n and fix an

arbitrary natural number y. Then the function σ≥y : [y,∞[→ IR, defined by
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σ≥y(z) =
z∑
i=y

p(i), is a polynomial of degree at most n + 1. An analogous claim

holds for the function σ≤y : [0, y] → IR, defined by σ≤y(z) =
y∑
i=z

p(i). Moreover,

the function σ−k : [k,∞[→ IR, defined by σ−k(z) =
z∑

i=z−k
p(i), is polynomial of

degree at most n.

Note that the coefficients of σ≥y, σ≤y and σ−k can be easily determined using
the coefficients from the proof of Lemma 4.5.

Now we are ready to prove the main result of this section:

Theorem 4.7. Let I = (i1, i2, . . . , in) be a sequence of n positive integers and
z a natural number. Then there are a normalised interval partition I0, I1, . . .,
Ir and polynomials p0(x), p1(x), . . ., pr(x) of degree at most n − 1 such that
#(I, z) = px(z) where Ix is the (unique) interval containing z. For r the in-
equality r ≤ 2n + 1 holds.

Proof. The proof is done via induction over |I|.
Induction base: In the case |I| = 1 we chose the intervals I0 =] − ∞,−1],
I1 = [0, z] and I2 = [z + 1,∞[. For the polynomials we choose p0(x) = 0,
p1(x) = 1 and p2(x) = 0, and we are done.
Induction step: Consider a sequence In+1 = (i1, i2, . . . , in+1) of n+1 positive
integers. Let In = (In0 , In1 , . . ., Inr ) and pn0 (x), pn1 (x), . . ., pnr (x) be a normalised
interval partition and polynomials with the properties from Theorem 4.7 wrt.
to the sequence (i1, i2, . . . , in). Denote by P(In, in+1) = (In+1

0 , In+1
1 , . . ., In+1

s )
the partition induced by In and in+1.

The inequality s ≤ 2n+ 1 follows immediately from the induction hypothesis
and Lemma 4.3.

For the rest of the claim we consider an arbitrary interval In+1
m = [z1m, z

2
m]

from P(In, z), and denote its witness intervals by ι(In+1
m ) = (Inl , Inu ) = ([z1l , z

2
l ],

[z1u, z
2
u]). Fix now an arbitrary z ∈ In+1

m . According to Lemma 4.4 we have

the equality #(In+1, z) =
z∑

k=z−in
#((i1, i2, . . . , in), k). Moreover, by definition

we have z − in ∈ Inl . Assume first that Inl 6= Inu holds. Then the sum can

be rewritten as
z2l∑

k=z−in
#((i1, i2, . . . , in), k) +

∑
k∈Inj ,l<j<u

#((i1, i2, . . . , in), k) +

z∑
k=z1u

#((i1, i2, . . . , in), k). The second sum is a constant, and the first and third

sum can be written as polynomials in z of degree at most n according to the
induction hypothesis and Corollary 4.6. In the case Inl = Inu we have according

to the induction hypothesis
z∑

k=z−in
#((i1, i2, . . . , in), k) =

z∑
k=z−in

p(k) for some

polynomial p with degree at most n− 1. But this sum is even a polynomial in z
of degree at most n− 1 due to Corollary 4.6. �
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5 Implementation and Running Time

Now we show how the proof of Theorem 4.7 leads to an algorithm for determin-
ing #(I, z). For the running time analysis we assume that the basic arithmetic
operations addition, subtraction, multiplication and division can be carried out
in constant time.

The considerations of the previous section can be used to develop a data
structure which computes efficiently the value of #(I, z) for a fixed sequence
I = (i1, i2, . . . , in) and arbitrary z ∈ ZZ . The idea is to proceed iteratively
along the lines of the proof of Theorem 4.7. So in the k + 1-th iteration we
compute the normalised interval partition P(Ik, ik+1) = (Ik+1

0 , Ik+1
1 , . . ., Ik+1

s )
and the associated polynomials as described in the proof of Theorem 4.7 using
the interval partition and polynomials after the k-th step. After the n-th step we
know the validity intervals and the associated polynomials for the sequence I.
So facing an integer z we will search the interval which contains z and evaluate
the associated polynomial at z to obtain #(I, z).

We will now describe this in more detail.

In a precomputation step we compute the coefficients of Faulhaber’s formula
for all exponents between 1 and n− 1. Moreover, we compute all binomial coef-
ficients

(
m
l

)
with 0 ≤ l ≤ m ≤ n+ 1 (they can be stored during the computation

of the Faulhaber coefficients). This can be done in polynomial time in n, which
will not influence the asymptotic running time as we will see later.

Since the interval partitions during the execution are always normalised we
can identify such a normalised interval partition I = ] − ∞,−1], [0, z1], [z1 +
1, z2], . . ., [zj−1 + 1, zj ], [zj + 1,∞[ after the k-th iteration with the sequence
(z1, z2, . . . , zj). In the k + 1-th step we have to compute the interval partition
induced by I and ik+1 which can be done in O(j) time. To see this we first
observe that the new sequence arises from ordering the set {zl | 1 ≤ l ≤ j} ∪
{ik+1 − 1} ∪ {zl + ik+1 | 1 ≤ l ≤ j}. So we compute the (ordered!) sequence
(ik+1 − 1, z1 + ik+1, z2 + ik+1, . . . , zj + ik+1) and merge it with the ordered
sequence (z1, z2, . . . , zj) into the new (ordered) sequence (y1, y2, . . . , yl) while
removing duplicates.

During this merging process we can for each interval Ik+1
m of P(Ik, ik+1)

determine its witness intervals (Ikml
, Ikmr

) = [(lml
, rml

), (lmr
, rmr

)] in constant
time by simple case distinction.

The most demanding part is the computation of the coefficients for each in-
terval Ik+1

m of P(Ik, ik+1). If (Ikml
6= Ikmr

) we have analogously to the proof of

Theorem 4.7 to determine the coefficients of the term
rml∑

k=z−in
#((i1, i2, . . . , in), k)

+
∑

k∈Ij ,ml<j<mr

#((i1, i2, . . . , in), k) +
z∑

k=lmr

#((i1, i2, . . . , in), k). The computa-

tion of the coefficients of the first and last sum can be carried out along the lines
of the proof of Lemma 4.5 and Corollary 4.6 in O(k3) time (for a monomial of
the form cjz

j the coefficients can be computed in O(j2) time, and we do so for
monomials c0z

0, c1z
1, . . ., ckz

k). The middle sum need not to be computed newly
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in every step but can be handled using stepping technique. Therefore we pro-
cess the intervals given by (y1, y2, . . . , yl) in the order defined as in the proof of
Lemma 4.3. Then the value of this sum between two consecutive steps either re-
mains zero, is incremented or decremented by the value

∑
k∈Ikj

#((i1, i2, . . . , in), k)

for an interval Ikj of Ik, or is incremented and decremented by such a term. The

value of this terms can be computed analogously as sketched above in O(k3)
time. In the case Ikml

= Ikmr
we can compute the coefficients analogously to

above also in O(k3) time. So the overall running time for the k-th iteration is
in O(2kk3) (remember that we have at most 2k − 1 validity intervals). Since we

have n iterations the total running time is in O(
n∑
k=1

2kk3) = O(2nn3).

Assume now that we have executed this construction. Then for a given z
the search for the validity interval containing z can be done by means of binary
search in O(log(2n + 1)) = O(n) time (remember that at the end we have at
most 2n+1 validity intervals). The evaluation of a polynomial of degree at most
n−1 can be done in time O(n−1) using the Horner scheme, so the computation
of #(I, z) can now be carried out in time O(n). This considerations lead to the
following theorem:

Theorem 5.1. Given a fixed sequence I = (i1, i2, . . . , in) of n positive integer
numbers there is a data structure which can be constructed in O(2nn3) time and
determines the value #(I, z) for every z ∈ ZZ in O(n) time.

6 Experimental Results

We compared our Faulhaber based algorithm with a näıve algorithm based on
Lemma 3.1. This algorithm splits in every step a sequence of upper bounds
(i1, i2, . . . , in) into the two sequences (i1, i2, . . . , ibn2 c) and (ibn2 c+1, ibn2 c+2, . . . , in)
which are processed recursively. It terminates if it reaches a sequence of length
one or two and uses shortcuts for these cases which run in constant time (as
described in [3]). The running time of this algorithm is hard to specify since it
depends both on the upper bounds, the target value and hence of the final result.

The implementations were written in C++11 using the GNU Compiler Col-
lection without any optimisation (-O0 -ggdb). For the arithmetic operations we
used the GMP library (see http://gmplib.org). For further improvement we
stored the coefficients of already considered polynomials in order to avoid mul-
tiple computations. The calculation run kvm-virtualised on linux (Arch Linux
gcc version 4.7.1 20120721 (prerelease)) with one core of Intel(R) Xeon(R) CPU
E5540 clocked at 2.53GHz. Under these circumstances we obtained the results
from Figure 2. The running times of the Faulhaber based algorithm include also
the precomputation stage. We stopped a test run after one hour.

At a first glance one may wonder about the high running times even for small
instances as Nr.1 and Nr. 2. This is due to the use of data types of the GMP
library. The use of elementary data types decreases the running time to values
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Nr. I, z Faulhaber based näıve
algorithm algorithm

1 (3, 4, 5), 1 50 ms 4 ms

2 (3, 4, 5), 15 49 ms 4 ms

3 (3000, 4000, 5000), 1 49 ms 4 ms

4 (3000, 4000, 5000), 6000 48 ms 149 ms

5 (104, 104, 104, 104, 104), 1 54 ms 4 ms

6 (104, 104, 104, 104, 104), 300 53 ms 302 ms

7 (104, 104, 104, 104, 104), 2.5 · 104 57 ms 11 min(!)

8 (10000, 10005, 10010, 10015, 10020), 64 ms 11 min(!)
25015

9 (10993, 10520, 10856, 10346, 10039), 70 ms 4 ms
1

10 (10993, 10520, 10856, 10346, 10039), 68 ms 13 min(!)
26377

11 (33, 29, 42, 34, 59, 76, 54, 33), 180 345 ms 78ms

(10000, 10005, 10010, 10015,
12 10021, 10027, 10039, 10063), 458 ms > 1 h

40090

(10000, 10000, 10000, 10000, 10000,
13 10000, 10000, 10000, 10000, 10000), 74 ms > 1 h

5000

(10993, 10520, 10856, 10346, 10039,
14 10644, 10005, 10941, 10718, 10305), 4,5 s(!) > 1 h

52683

(12184, 12324, 14685, 11098, 13357, 13863,
15 10796, 10914, 10989, 11115, 10937), 17 s(!) > 1 h

66131

(12184, 12324, 14685, 11098, 13357, 13863,
16 10796, 10914, 10989, 11115, 10937, 13634), 88 s(!) 4 ms

1

(12184, 12324, 14685, 11098, 13357, 13863,
17 10796, 10914, 10989, 11115, 10937, 13634), 86 s(!) > 1 h

72948

18 (3696, 3894, 4137, 7588, 7816), 2856 57 ms 61 s(!)

19 (5641, 9314, 969, 8643, 6291,
6241, 8747, 7041), 26433 371 ms > 1 h

Fig. 2. Experimental Results
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under one microsecond for both algorithms. However, for greater input instances
the result exceeds the range of int and float so the use of the GMP library is
justified. Moreover, it helps to avoid rounding errors. We applied it also to small
instances to obtain consistent comparison results.

In order to test and demonstrate some properties we constructed the exam-
ples Nr.1-17 by hand and used randomly generated instances to test the average
behaviour (Nr. 18 and Nr. 19). The experimental data shows some expected and
some interesting results:

– For small instances the näıve algorithm achieves the better running times
because it has no expensive precomputation part like the Faulhaber based
algorithm (cf. Nr. 1, 2 and 3).

– The näıve algorithm runs fast on instances with a small target value, even if
the upper bounds are great (cf. Nr. 5, 9, 11 and 16; Nr. 6 is an intermediate
result). In this case the sum from Lemma 3.1 has only a small number of
summands and can be evaluated almost immediately.

– The running time of the Faulhaber based algorithm depends on the number
of the upper bounds (cf. Nr. 1-4, 5-10 and Nr. 11/12; in the last pair we have
also a growth due to larger numbers).

– The Faulhaber based algorithm has a running time depending also on the
number of validity intervals in the constructed data structure. For a sequence
(i1, i2, . . . , in) with i1 = i2 = . . . = in there are exactly 2n + 1 validity
intervals in the final result. The sequences from Nr. 9-12 are constructed
such that they have the maximal number of validity intervals in the final
data structure. This explains the difference between Nr. 6 and Nr. 10. A
drastic example for this phenomenon is given by Nr. 13 and Nr. 14.

– The examples Nr. 4, 10, 12, 14, 15 and 17 (which have the maximal number
of validity intervals in the final data structure) show the hyperexponential
growth of the runtime of the Faulhaber based algorithm. However, it per-
forms for great input instances and great target values better than the näıve
algorithm.

– Seemingly surprisingly, the Faulhaber based algorithm performs for a fixed

sequence better for values of z near to

n∑
j=1

ij

2 than for values near 1 (see Nr.
1/2, 3/4, 5/6, 9/10 and 16/17). There are two reasons for this behaviour:

first, the binary search starts in the middle. Second, around

n∑
j=1

ij

2 , the poly-
nomials often have a simpler structure than near 1 (cf. the final result from
Figure 1) and can hence be evaluated faster.

– The test examples Nr. 18 and Nr. 19 are randomly generated examples with
five and eight upper bounds, resp. In these cases the Faulhaber based algo-
rithm performs much better. The running times for similar randomly gener-
ated instances behaved in a comparable way.

In future practical applications as in [3] and [9] the number of upper bounds
will be about between five and eight, and their size can be up to around 104.
Here the Faulhaber based algorithm offers a significant improvement.
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7 Conclusion and Outlook

Our new algorithm performed well on great instances (which are also of practical
interest) whereas for simple small instances the näıve algorithm is preferable. The
main drawback of our algorithm is the possibly exponential number of validity
intervals. This can not be avoided by permutation of the upper bounds (this
will lead to roughly the same validity intervals; the value of #(I, z) remains the
same if the upper bounds of I are permutated), so a substantial improvement of
an approach based on validity intervals is hard to expect.

One idea of improvement is to exploit the property #((i1, i2, . . . , in), z) =

#((i1, i2, . . . , in),
n∑
j=1

ij − z) which means that #((i1, i2, . . . , in), z) is symmetric

with respect to z0 =

n∑
j=1

ij

2 (see again [3] and [9]). However, this should lead to
a speed up of at most a factor two, so the asymptotic running time remains the
same. Also there could be improvements for the computing of the coefficients as
already mentioned in Section 5.

A totally other approach consists in using convolution algorithms (convolu-
tion in the mathematical meaning, not in the meaning of Haskell’s zip). The
equation from Lemma 3.1 is a discrete convolution of the functions #((i1, i2, . . . ,
in−m), k) and #((in−m+1, in−m+2, . . . , in), z − k). So it seems to be reasonable
to use known algorithms for fast discrete convolution (see e.g. [4] and [6]). Here
further research is needed to investigate this approach.

Acknowledgements: We are grateful to Markus Endres for valuable dis-
cussions and remarks.
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