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1 Laffer Curve in the Overlapping Generations Model

In many cases, it is difficult to come up with an initial guess for the solution of the non-linear equations that
characterize the equilibrium of a large-scale overlapping generations model. In Section 9.1.2 of Heer and Maußner
(2009), we studied a simple OLG model with a Cobb-Douglas utility function so that we could solve the first-order
conditions of the households for labor supply as a linear function of consumption. This allowed us to write the
equilibrium conditions of the model as a function of the capital stock alone and to effortlessly come up with an
initial guess for the solution of the model.
In the following, we will consider a standard model for the analysis of fiscal policy for which the computation of
the non-linear equilibrium equations is a much more complicate and sophisticated task. The model extends the
Ramsey model of Trabandt and Uhlig (2011) to an overlapping generations model with a public pay-as-you-go
pension system building upon Heer, Polito, and Wickens (2017). In addition to these authors, we reduce the
length of the period from five years to one year so that the equilibrium conditions amount to solving a non-linear
equations problem in 119 endogenous variables.

Demographics and Timing

A period, t, corresponds to one year. At each period t, a new generation of households is born. Newborns have a
real life age of 20 denoted by s = 1. All generations retire at the end of age s = R = 45 (corresponding to real life
age 64) and live up to a maximum age of s = J = 70 (real life age 89). The number of periods during retirement is
equal to TR = J + 1−R = 25.
Let Nt(s) denote the number of agents of age s at t. We denote total population at t by Nt. At t, all agents of age
s survive until age s+ 1 with probability φt,s where φt,0 = 1 and φt,J = 0. The number of the first cohort, Nt(1),
(and therefore total population Nt in stationary equilibrium with constant survival probabilities φs) grows at the
constant rate n.
Let µst denote the share of the s-year old cohort in total population in period t. We will only analyze stationary
economies so that we can omit the time index and the measure is constant. In equilibrium, total population is
given by

Nt =

J∑
s=1

Ntµ
s =

J∑
s=1

Nt(s). (1)

Households

Each household comprises one (possibly retired) worker. Households maximize expected intertemporal utility at
the beginning of age 1 in period t

maxEt

J∑
s=1

βs−1
(
Πs
j=1φt+j−1,j−1

) [
u(cst+s−1, l

s
t+s−1) + v(gt+s−1)

]
, (2)

where β > 0 denotes the discount factor. Instantaneous utility u(c, l) is specified as a function of consumption c
and labor l as in Trabandt and Uhlig (2011):1

u(c, l) =


ln c− κl1+1/ϕ if η = 1,

1
1−η

(
c1−η

[
1− κ(1− η)l1+1/ϕ

]η − 1
)

if η > 0 and η 6= 1.
(3)

During working life, the labor supply of the s-year old amounts to ls ≥ 0, s = 1, . . . , R− 1, while it is set to ls ≡ 0
during retirement, for s = R,R+ 1, . . . , J . Utility from government consumption, v(gt), is additive so that
government consumption per capita, gt, does not have any direct effect on household behavior (only indirectly
through its effects on transfers and taxes).
Let ys denote the productivity of the s-year old household, while At denotes aggregate labor productivity. The
age-productivity profile, {ys}45s=1, is hump-shaped function as estimated by Hansen (1993) and constant over time,
while At grows at rate gA. Accordingly, total labor income, wtAty

slst , is the product of the wage rate per

1Trabandt and Uhlig (2011) show in their Propositon 1 that this function is consistent with long-run growth and features a constant
Frisch elasticity ϕ and a constant intertemporal elasticity 1/η.



Burkhard Heer, Laffer Curve in OLG Models, July 2, 2019 p. 2

efficiency unit, wt, labor productivity At, the age-efficiency factor ys, and working hours lst . The retired household
receives a lump-sum pension penst so that net non-capital income xst is presented by

xst =

 (1− τ lt − τ
p
t )wtAty

slst s = 1, . . . , R− 1,

penst s = R, . . . , J.
(4)

The budget constraint of the household at age s = 1, . . . , R− 1 is given by

(1 + τ ct )cst = xst + (1− τkt )(rt − δ)kst + kst +Rbtb
s
t + trt − ks+1

t − bs+1
t+1 , (5)

where kst and bst denote the capital stock and government bonds of the s-year-old cohort at the beginning of
period t. The household is born without assets and also leaves no bequests at the end of his life implying
k1t = kJ+1

t = 0 and b1t = bJ+1
t = 0. He receives interest income rt and Rbt − 1 on capital and government bonds and

pays income taxes on labor and capital income at the rates of τ lt and τkt , respectively. Capital depreciation δkst is
tax-exempt. Consumption is taxed at the rate τ ct . The household also pays contributions to the pension system at
the rate τpt that are levied on his wage income. In addition, the household receives government transfers at the
amount of trt in period t.
The Lagrangian function of the 1-year old in period t can be formulated as follows:

L =u(c1t , l
1
t ) + v(gt) + λ1t

[
(1− τ lt − τ

p
t )wtAty

1l1t

+ trt − k2t+1 − b2t+1 − c1t (1 + τ ct )
]

+ βφt+1,1 ·

{
u(c2t+1, l

2
t+1) + v(gt+1)

+ λ2t+1

[
(1− τ lt+1 − τ

p
t+1)wt+1At+1y

2l2t+1 + (1− τkt+1)(rt+1 − δ)k2t+1

+ k2t+1 +Rbt+1b
2
t+1 + trt+1 − k3t+2 − b3t+2 − c2t+1(1 + τ ct+1)

]}

+ β2φt+1,1 · φt+2,2 ·

{
u(c3t+2, l

3
t+2) + v(gt+2)

+ λ3t+2

[
. . .
]}

+ . . .

The first-order conditions of the 1-year old household with respect to c1t , l
1
t , k

2
t+1, and b2t+1 are as follows:

λ1t (1 + τ ct ) = (c1t )
−η
[
1− κ(1− η)(l1t )

1+1/ϕ
]η
, (6a)

λ1t (1− τ lt − τ
p
t )Aty

1wt = κη

(
1 +

1

ϕ

)
(c1t )

1−η (6b)

·
[
1− κ(1− η)(l1t )

1+1/ϕ
]η−1

(l1t )
1/ϕ,

λ1t = βφt+1,1λ
2
t+1

[
1 + (1− τkt+1)(rt+1 − δ)

]
, (6c)

λ1t = βφt+1,1λ
2
t+1R

b
t+1. (6d)

In a similar fashion, we can derive the first-order conditions of the s-year old household by taking the derivative of
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the Lagrangian Lt−s+1 with respect to cst , l
s
t , k

s+1
t+1 , and bs+1

t+1 for the generation that is born in period t− s+ 1:

λst (1 + τ ct ) = (cst )
−η
[
1− κ(1− η)(lst )

1+1/ϕ
]η
, s = 1, . . . , J (7a)

λst (1− τ lt − τ
p
t )Aty

swt = κη

(
1 +

1

ϕ

)
(cst )

1−η (7b)

·
[
1− κ(1− η)(lst )

1+1/ϕ
]η−1

(lst )
1/ϕ,

s = 1, . . . , R− 1

λst = βφt+1,sλ
s+1
t+1

[
1 + (1− τkt+1)(rt+1 − δ)

]
, (7c)

s = 1, . . . , J

λst = βφt+1,sλ
s+1
t+1R

b
t+1, s = 1, . . . , J. (7d)

In eqs. (7a), (7c), and (7d), lst = 0 for s ≥ R.
Notice that according to the first-order conditions (7c) and (7d), the (certain) real after-tax returns on both assets
are equal so that the individual household is indifferent between holding assets in the form of physical capital or
government debt. If we only had one household who lives two periods as in the simple two-period OLG model of
Diamond (1965) and Samuelson (1958), this would pose no problem because in this case the only household with
savings also needs to hold the assets at the same amount as the aggregate assets.2 With many periods, however,
the portfolio allocation is indeterminate. Therefore, we assume without loss of generality that each households
holds the two assets in the same proportion (which is equal to the share of the aggregate asset in total aggregate
assets, e.g. Kt/(Kt +Bt) is the portfolio share of capital).

Production

The production technology is described by a Cobb-Douglas function:

Yt = Kα
t (AtLt)

1−α (8)

Capital depreciates at the rate δ and At grows at the exogenous rate gA:

At+1

At
= 1 + gA. (9)

Firms maximize profits

Πt = Yt − rtKt − wtAtLt (10)

resulting in the first-order conditions that the factor prices wt and rt in period t are equal to the marginal
products of labor and capital:

wt = (1− α)Kα
t (AtLt)

−α, (11a)

rt = αKα−1
t (AtLt)

1−α. (11b)

Government

The government expenditures consists of public consumption Gt, transfers Trt, and interest on public debt Bt.
Government expenditures are financed by taxes Tt, debt, Bt+1 −Bt, and confiscated accidental bequests according
to:

Gt + Trt +RbtBt = Bt+1 + Tt +Beqt. (12)

Government consumption and transfers grows at the exogenous rate gA so that, for example, g̃t ≡ Gt

AtNt
denotes

stationary government expenditures per capita.

2The same conclusion, of course, holds in the Ramsey model with a representative agent.
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Accidental bequests are collected from the households that do not survive:3

Beqt =

J−1∑
s=2

(1− φt,s)
{[

1 + (1− τk)(rt − δ)
]
kst +Rbtb

s
t

}
. (13)

Taxes are levied on consumption, interest income, and wage income:

Tt = τ ct Ct + τ ltwtAtLt + τkt (rt − δ)Kt (14)

with aggregate consumption Ct, labor Lt, and capital Kt presented as the sum of the individual variables,
respectively:

Ct =

J∑
s=1

Nt(s)c
s
t , (15a)

Lt =

R−1∑
s=1

Nt(s)y
slst , (15b)

Kt =

J∑
s=1

Nt(s)k
s
t . (15c)

Social Security

The social security authority runs a balanced budget:

τpt wtAtLt =

J∑
s=R

Nt(s) · penst . (16)

Equilibrium Conditions

In equilibrium, the goods market equilibrium is given by

Yt = Ct +Gt +Kt+1 − (1− δ)Kt. (17)

Stationary Equilibrium

In stationary equilibrium, output, consumption, capital, debt, pensions, and transfers all grow at the rate gA. For
this reason, we define the following individual stationary variables:

c̃t ≡
ct
At
, λ̃t ≡

λt

A−η
t

, k̃st ≡
kst
At
, b̃st ≡

bst
At
, t̃rt ≡

trt
At
,

and aggregate stationary variables:

K̃t ≡
Kt

AtNt
, Ỹt ≡

Yt
AtNt

, B̃t ≡
Bt
AtNt

, B̃eqt ≡
Beqt
AtNt

, L̃t ≡
Lt
Nt
,

implying the factor prices

rt = αK̃α−1
t L̃1−α

t , (18a)

wt = (1− α)K̃α
t (L̃t)

−α. (18b)

Consequently, non-capital income x̃t is defined by

x̃st =

{
(1− τ lt − τ

p
t )wty

slst s = 1, . . . , R− 1,
p̃enst s = R, . . . , J.

(19)

3Notice that accidental bequests also contain net interest payments as a component. This condition is derived in Appendix 6.1 in
Heer (2019). To derive the correctness of this definition, sum up the individual consumptions, weighted by the mass of the households,
Nt(s), as a residual from the individual households’ budget constraints. After inserting transfers from the fiscal budget constraint,
pensions from the social security constraint, and the marginal products of labor and the capital, the goods market equilibrium holds.
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The budget constraint of the household at age s = 1, . . . , R− 1 is given by

(1 + τ ct )c̃st = x̃st + (1− τkt )(rt − δ)k̃st + k̃st +Rbt b̃
s
t + t̃rt − (1 + gA)k̃s+1

t+1 − (1 + gA)b̃s+1
t+1 . (20)

The stationary first-order conditions of the s-year old household are as follows:

λ̃st (1 + τ ct ) = (c̃st )
−η
[
1− κ(1− η)(lst )

1+1/ϕ
]η
, s = 1, . . . , J (21a)

λ̃st (1− τ lt − τ
p
t )yswt = κη

(
1 +

1

ϕ

)
(c̃st )

1−η
[
1− κ(1− η)(lst )

1+1/ϕ
]η−1

(21b)

· (lst )1/ϕ, s = 1, . . . , R− 1

(1 + gA)ηλ̃st = βλ̃st+1

[
1 + (1− τkt+1)(rt+1 − δ)

]
, (21c)

s = 1, . . . , J

(1 + gA)ηλ̃st = βλ̃st+1R
b
t+1, s = 1, . . . , J. (21d)

The budget constraint of the government is presented by:

G̃t + T̃ rt +RbtB̃t = (1 + gA)(1 + n)B̃t+1 + T̃t + B̃eqt. (22)

Finally, the economy’s resource constraint in stationary variables is given by:

Ỹt = C̃t + G̃t + (1 + gA)(1 + n)K̃t+1 − (1− δ)K̃t. (23)

Calibration

We calibrate the model with respect to characteristics of the US economy. The population parameters are taken
from UN (2015). For the population growth rate, we use the average over the years 1990-2010 (to match the time
horizon chosen by Trabandt and Uhlig (2011)) implying n=0.95%. We use the same procedure to compute the
age-specific survival rates from the same data set. The calibration is implemented in the GAUSS and MATLAB
programs laffer.g and laffer.m which can be downloaded together with the data input files from the book’s
download page.
The calibration of the production and preference parameters follows Trabandt and Uhlig (2011). In particular, we
set the production elasticity of capital α, the depreciation rate δ, and the annual growth rate of output gA equal
to α = 0.35, δ = 8.3%, and gA = 2.0%. From these authors, we also take the parameters 1/η = 1/2 and ϕ = 1 for
the intertemporal elasticity of substitution and the Frisch elasticity, as well as the preference parameter κ = 3.63
which implies an average labor supply of the US worker of 30.7% of available time in good accordance with the
value estimated by Trabandt and Uhlig (2011). Finally, β = 1.037 is chosen so that the real interest on
government bonds amounts to 4%.
Following Trabandt and Uhlig (2011), the tax parameters are set to τ l + τp = 28%, τk = 36%, and τ c = 5%, and
the government consumption share in GDP is chosen equal to G/Y = 18%. The debt-output level amounted to
B/Y = 63% during this period. The gross replacement ratios of pensions with respect to wages,
θ = pen/wl̄ = 35.2%, for the year 2014 is taken from the OECD (2015) (series: gross pension replacement rates for
men, % of pre-retirement earings). The social security rate τp is computed endogenously and amounts to 8.87%.
In addition, we find an endogenous value of the transfer-GDP ratio equal to Tr/Y = 5.18%.

Individual Policy Functions

In Figs. 1-3, the individual policy functions with respect to savings, labor supply, and consumption are displayed.
The asset-age profile is hump-shaped and maximum wealth as is obtained at real-life age 58 (corresponding to
s = 39). In order to smooth intertemporal utility over life-time, the households build up savings for old age
because pensions are below wage income. Since the individual productivity ys peaks at age 50 and declines
thereafter, the households start to reduce their wealth prior to retirement.
The labor-supply-age profile in Fig. 2 mimics the profile of individual efficiency ys over the working life.
Therefore, it also displays kinks at the ages of 30 and 50. Labor supply ls, however, peaks prior to efficiency ys

due to the income effect. Since wealth increases until age 58, households decrease their labor supply accordingly.
Individual consumption cs increases until retirement according to Fig. 3. Consumption displays the same kinks as
labor supply. When the household retires, his labor supply drops to zero and his utility would increase significantly
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Table 1: Calibration of parameters in the large-scale OLG model

Parameter Value Description

n 0.95% population growth rate
α 0.35 production elasticity of capital
δ 8.3% depreciation rate of capital
gA 2.0% growth rate of output
1/η 1/2 intertemporal elasticity of substitution
ϕ 1 Frisch elasticity of labor supply
κ 3.63 preference parameter for weight of disu-

tility from labor
β 1.037 discount factor
τ l + τp 28% tax on labor income
τk 36% tax on capital income
τ c 5% tax on consumption
G/Y 18% share of government spending in steady-

state production
B/Y 63% debt-output ratio
θ 35.2% gross pension replacement ratio

Assets

Age

20 30 40 50 60 70 80 90
0
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0.9

1.2

1.5

1.8

2.1

Figure 1: Asset-age profile

ceteris paribus. In order to smooth utility intertemporally, therefore, the household reduces consumption at age
65. During retirement, the consumption profile is hump-shape because the survival probabilities and, therefore,
the effective discount factor, βφs, keep on declining. At age 78, βφs drops below the gross interest rate on bonds,
Rb, such that the household decreases consumption in accordance with the Euler equation (7d).

Steady State Computation

In order to compute the steady state, we solve a non-linear equations problem in 119 variables consisting of the 69
individual asset levels, as = ks + bs, s = 2, . . . , 70, (with a1 ≡ 0), the 45 individual labor supplies, ls, s = 1, . . . , 45,
and the aggregate variables K, N , A, τp, and Tr.
The non-linear equations system consists of the 69 Euler conditions (21c) and the 45 first-order conditions with
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Figure 2: Labor-supply-age profile

Consumption
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Figure 3: Consumption-age profile

respect to labor (21b) together with the aggregate conditions

Ã =

70∑
s=1

µsã
s, (24a)

L̃ =

45∑
s=1

µsy
sls, (24b)

K̃ = Ã− B̃, (24c)

T̃ r = T̃ + B̃eq − (Rb − 1)B̃ − G̃, (24d)

τp =

∑70
s=46 µsp̃en

wL̃
. (24e)

All other variables, e.g. individual consumption, factor prices, and aggregate bequests and taxes, can be computed
with the help of the 119 endogenous variables. For example, for the computation of individual consumption levels
cs, we can use the individual budget constraints. For the computation of the factor prices, we use the first-order
conditions of the firms.
We solve this non-linear equations problem with a modified Newton-Rhapson algorithm as described in Section
11.5.2. The main challenge for the solution is to come up with a good initial value for the individual and
aggregate state variables.
Therefore, we started from a simple 46-periods OLG model with exogenous labor where all cohorts are workers
except the last one which consists of retirees. The exogenous labor supply is set equal to 0.3 and the initial value
for the aggregate capital stock is set equal to 0.0499 which follows from a real interest rate of 4% and

r − δ = αK̃α−1L̃1−α − δ = 0.04

with an initial guess for aggregate labor L = 0.3 (the average age-efficiency is normalized to one). The wealth-age
profile for this model is presented by the solid red line in Fig. 4 corresponding to the case ’R=1’.
Thereafter, we added one additional cohort of retirees in each step and used the solution of the model in the
previous step as an input for the initial value of the next step. The solution for the wealth-age profiles for these
cases are again illustrated in Fig. 4. Notice that the wealth maximum is attained at later age as the lifetime
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Figure 4: Age-wealth profile approximation

increases. In addition, maximum wealth declines with increasing retirement periods R as the average lifetime
income declines (remember that pensions are below the wage income).
Finally, we introduced endogenous labor in the model and recalibrated β so that the real interest rate on bonds
after taxes is equal to 4%. Since our initial value of the discount factor β is above the calibrated value of β,
savings increase again and the wealth-age profile shifts up in the final case of the benchmark equilibrium (brown
line in Fig. 4). During these initial computations, we computed the solution for the individual optimization
problem in an inner loop and updated the aggregate capital variables in an outer loop with a dampening iterative
scheme as described in Section 3.9 of Judd (1998) that helped to ensure convergence. For the final calibration and
the computation of the steady states for different tax rates, we applied the modified Newton-Rhapson algorithm
to the complete set of the 119 individual and aggregate equilibrium conditions. The computation time of the
steady state and the results amounts to 1:05 (minutes:seconds) with the GAUSS program laffer.g and 1:06
(minutes:seconds) with the MATLAB program laffer.m.4

Our step-wise procedure for the computation of the steady state has an additional advantage. At each step, we
can check if the new solution makes sense intuitively or if there is an abrupt change in the policy functions or
equilibrium values of the model. Therefore, we have supporting evidence that our computational procedure is
correct if the solution converges ’smoothly’ to the final solution as the one for the wealth-age profile displayed in
Fig. 4.

Results

The model is applied to the computation of the Laffer curve for labor income taxation. Fig. 5 presents the effects
of an increase of labor income taxation on labor income tax revenue (solid red line) and total tax revenue (broken
green line). There are two different kinds of possible Laffer curve exercises. For the ’s-Laffer curve’, government
transfers Tr are varied to absorb (provide) the additional (missing) taxes, while, for the ’g-Laffer curve’, transfers
Tr are kept constant and government consumption G adjusts in order to balance the government budget (17). We
analyze the ’s-Laffer curve’. In addition, we assume that the level of government debt Bt (relative to labor
productivity At and total population Nt) remains constant, while pensions are adjusted so that the replacement
ratio remains at θ = 35.2%.
The resulting profile of tax revenues is hump-shaped and the maximum of total tax revenue occurs at a labor
income tax rate of τ l + τp = 66.9%. The revenues of the labor income tax revenues peak at a slightly higher rate

4In general, we find that computational speed is lower in MATLAB than in GAUSS if we introduce additional loops into the program
code. Aruoba and Fernández-Villaverde (2014) consider the solution of the stochastic neoclassical growth model with the help of value
function iteration with grid search comparing different programming languages. As one result, they find that MATLAB is 9-11 times
slower than C++.
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Figure 5: Laffer curve: Labor income tax rate

τ l + τp = 70.9% because the capital stock and, hence, capital income tax revenue decrease with higher labor
income taxes. Moreover, total production and, hence, aggregate consumption decrease with higher labor income
taxes. Notice that we have graphed taxes as a function of the total levies on labor income consisting of both the
wage tax τ l and the pension contribution rate τp. The corresponding maximal labor tax rate in the Ramsey
model analyzed by Trabandt and Uhlig (2011) in Table 5 amounts to 63% and is a little lower than that in our
overlapping generations model. If we had used the assumption that pensions are fixed in level and that the
replacement rate adjusts, the maximal labor tax rate would be lower in our OLG model as well.5

5You are encouraged to program the necessary changes in the Gauss program laffer.g or MATLAB program laffer.m.
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