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Why are hyperkähler manifolds1 interesting?

There are many reasons why hyperkähler manifolds are
interesting. One of these is: Hyperkähler manifolds are
higher-dimensional analogues of K3 surfaces in the sense
that they share many of the nice properties of K3 surfaces.

Another is: Beauville–Bogomolov decomposition [1].
For a compact Kähler manifold X with c1(X) = 0 there
exists an étale finite cover

∏d
i=1 Mi → X where each Mi

is either a compact torus, a Calabi-Yau variety2 or a hy-
perkähler manifold.

Hyperkähler manifolds and K3 surfaces

The obvious first example are therefore K3 surfaces. In fact a
complex manifold of dimension 2 is a hyperkähler manifold
if and only if it is a K3 surface.
‘K3-properties’ of hyperkähler manifolds: For a hyperkähler
manifold X the second cohomology H2(X,Z) carries a natural
weight-two Hodge structure, which can be equipped with a
natural non-degenerate quadratic form3 (Beauville [1]).

And the definition is . . .

A Kähler manifold X is irreducible hyperkähler if it is simply
connected and H0(X,Ω2

X) is spanned by an everywhere
non-degenerate two-form. One can also call these kinds
of manifolds irreducible symplectic manifolds.

Really, is it?

One can also define a (irreducible) hyperkähler manifold as a
connected 4n-dimensional Riemannian manifold (M, g) if its
holonomy is contained in (equals) Sp(n). Irreducible sym-
plectic manifolds with a fixed Kähler class α ∈ H2(X,R) and
these irreducible hyperkähler manifolds describe the same
objects (Yau’s Theorem: Every α contains a Kähler metric g.).

Properties of hyperkähler manifolds

Hyperkähler manifolds have even complex dimension, oth-
erwise the space cannot be equipped with a non-degenerate
symplectic form. Since ωn is a holomorphic trivialization
of Ωn

X, Ωn
X = ωX � OX and therefore c1(X) = 0.

For (M, g) hyperkähler the quaternions H act as parallel
endomorphisms on the tangent bundle of M. Any λ ∈ H
with λ2 = −1 (respectively4 λ ∈ S2) gives rise to an integrable
almost complex structure on M. g is Kähler with respect to
λ and the corresponding Kähler form is ωλ = g(λ, ·). Thus, a
hyperkähler manifold M defines a family of complex Kähler
manifolds (M, λ, ωλ), λ ∈ S2.

Examples

Hilbert schemes of K3 surfaces: For a K3 surface S the Hilbert
scheme5 Hilbn(S) is a hyperkähler manifold of dimension 2n.
For n > 1 one has b2(Hilbn(S)) = 23 and H2(Hilbn(S)) is
isomorphic to the lattice H2(S,Z) ⊕ (−2(n − 1) ·Z).
Generalized Kummer varieties: For a torus A of dimension 2
the generalized Kummer variety6 Kn+1(A) is a hyperkähler
manifold. The second Betti number is b2(Kn+1(A)) = 7.
Kähler deformations: A Kähler deformation of a hyperkähler
manifold is again hyperkähler. For example let Y ⊂ P4 be a
smooth cubic hypersurface and X B F(Y) be the Fano veriety
of lines on Y. X is smooth and projective of dimension 4.
All cubics and hence the corresponding Fano varieties are
deformation equivalent. Beauville and Donagi [2] showed
that for a special cubic Y the Fano variety X is isomorphic to
Hilb2(S) for a special K3 surface of degree 14 in P8. Thus, for
any cubic the corresponding Fano variety is a hyperkähler
manifold.

Other examples?

Apart from the two deformation classes described above and
two others described by O’Grady ([3], [4], cf. next block),
no other deformation classes of hyperkähler manifolds are
known so far.

Examples of O’Grady

The first example is a 10-dimensional hyperkähler variety7

with second Betti number b2(M̃S) = 24. It is the symplectic
desingularization8 f : M̃S →MS of the moduli space of
rank-two semistable torsion-free sheaves on a K3 surface S
with c1 = 0 and c2 = 4.
For an abelian surface S, a similar construction leads to a
6-dimensional hyperkähler variety f−1(M0

S) with second
Betti number b2( f−1(M0

S)) = 8.

Notes

1 All manifolds on this poster are compact manifolds.
2 A Calabi-Yau variety is a Kähler manifold of dimension n > 3 with trivial canonical

bundle and h0(Ωp
X) = 0 for 0 < p < n.

3 This generalizes the intersection pairing of a K3 surface.
4 For a fixed standard basis (I, J,K B IJ) ofH λ = aI + bJ + cK with a2 + b2 + c2 = 1.
5 The Hilbert scheme Hilbn(S) is the Douady space of zero-dimensional subspaces (Z,OZ)

of S of length dimCOZ = n.
6 A generalized Kummer variety Kn+1(A) is the fibre over 0 ∈ A (the zero point of the

torus) of the natural morphism Hilbn+1(A)→ Sn+1(A)→ A with Σ : Sn+1(A)→ A the
summation.

7 A hyperkähler variety is a projective hyperkähler manifold.
8 A symplectic desingularization is a desingularization such that the holomorphic sym-

plectic form onMst
S (smooth locus ofMS) extends to a holomorphic symplectic form

on M̃S.
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This poster shows a brief overview of hyperkähler manifolds. The author takes no credit
for the mathematics presented.
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