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Abstract. A known generic strategy for handling large transition sys-
tems is the combined use of bisimulations and refinement. The idea is
to reduce the large system by means of a bisimulation quotient into a
smaller one, then to refine the smaller one in such way that it fulfils
a desired property, and then to expand this refined system back into a
submodel of the original one. This generic algorithm is not guaranteed
to work correctly for every desired property; here we show its correct-
ness for a class of optimality problems which can be described in the
framework of dioids.

1 Introduction

1.1 General Ideas

In practice one is often confronted with systems containing a large, even infi-
nite number of states and/or transitions, e.g. in control theory, model checking,
internet routing and similar cases. If the task is to ensure a certain property
(optimality, safety, liveness) by refining, i.e. removing (in practice preventing)
transitions, this task can appear to be difficult to solve on the large system.
One possible strategy is to reduce the original system into a smaller one using
a suitable bisimulation, then to apply a known algorithm to that system, such
that a refined subsystem of it fulfils the demanded property, and at last step to
expand that system into a subsystem of the original one. Of course this strategy
will not work in all cases. To make sense, the reduction by bisimulation has to
decrease the number of states/transitions in a significant way, an algorithm for
computing a refined system with the required property has to be known, and
the desired property has to be invariant in a certain sense with respect to the
chosen bisimulation. As new material in this paper we show the existence of a
generic refinement algorithms for a special class of optimisation problems (the
second step in the above strategy sketch), and also that this class of problems is
treatable by the above bisimulation-based approach (i.e. that the steps one and
three are correct in this setting). In contrast to model checking, where bisimu-
lations are commonly used to check properties of a system (cf. e.g. [2]) we will
use them to construct systems with desired properties.
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1.2 Recent Work

In [14] it was shown how a control policy ensuring a certain optimality property
in infinite transition systems can be obtained, that approach worked without the
use of bisimulations. However, the iteratively constructed sets (called strata) in
that method actually corresponded to the equivalence classes of a suitable bisim-
ulation. The successor paper [5] gives an algebraic formulation of bisimulation in
general and shows the correctness of the approach for a certain liveness property.
The generic algorithm was described in [6].

1.3 Overview

The paper consists of three parts: First, we introduce dioids as a tool for cap-
turing a larger class of model refinement problems. Next we recapitulate the
generic method for model refinement via bisimulation quotients. Last we show
the correctness of this generic algorithm for the introduced problem class and
discuss its efficiency.

2 Dioids and Models

2.1 Dioids and Cumulative Dioids

The notion of dioids is closely related to the one given in [7]. As there they will
serve as edge labels in graphs to formalise optimality problems. This idea was
exploited also for example in [3]. Since we are interested in the construction of
refined models (see later) we will deviate from the methods presented in [7].

Definition 2.1. A dioid is a structure (D,
∑

, 0, ·, 1) such that (D,⊑) is a com-
plete lattice with supremum operator

∑
and least element 0, where ⊑ is defined

by x ⊑ y ⇔
∑

{x, y} = y, (D, ·, 1) is a monoid and · distributes from both sides
over

∑
. ⊑ is called the order of the monoid.

In a dioid the binary supremum operation is denoted by + and is referred to
as addition, i.e. x+ y =

∑
{x, y}. In particular, we have x+0 = 0+x = x for all

x ∈ D, and + is both commutative and associative. The operation · is also called
multiplication. Note that 0 is an annihilator of multiplication (i.e. 0 ·x = x ·0 = 0
for all x ∈ D) due to

∑
∅ = 0. Often for readability the · is omitted, so ab stands

for a · b. As commonly known in this setting the multiplication is isotone with
respect to the order, i.e. a ⊑ b implies ac ⊑ bc as well as ca ⊑ cb for all a, b, c.
We use a ⊏ b as an abbreviation for a ⊑ b ∧ a 6= b, and the signs ⊒ and ⊐ for
the converse of the respective relations. In the sequel we will use D as notion for
the carrier set of a dioid, if it is clear from the context which dioid is considered.

A dioid is called selective if a + b ∈ {a, b} holds. Obviously this can be
extended to the supremum of arbitrary nonempty finite sets. In this case, ⊑ is
a total relation.
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Examples for dioids are (IR∪{−∞,∞}, min,∞, +, 0),
(IR∪{−∞,∞}, max,−∞, min,∞) or (P(IN),∪, ∅,∩, IN). The order is ≥ in the
first example, ≤ in the second and ⊆ in the last one.

A certain class of dioids are the cumulative ones, which are characterised by
a ⊑ 1 for all a, i.e. 1 is the greatest element with respect to the dioid’s order.
cumulativedioids are nothing extraordinary, so the well-known max-min dioid
(IR∪{−∞,∞}, max,−∞, min,∞) is cumulative. Under the name 1-bounded they
are also used for language analysis in [4]. The property of being cumulativehas
equivalent formulations:

Lemma 2.2. The following statements are equivalent:

(1) (D,
∑

, 0, ·, 1) is a cumulative dioid.
(2) For all a, b, c ∈ D the implications a ⊑ b ⇒ ac ⊑ b and a ⊑ b ⇒ ca ⊑ b hold.
(3) For all a, b ∈ D the inequalities ab ⊑ a and ba ⊑ a hold.

Proof. (1) ⇒ (2): Let a, b, c ∈ D be arbitrary with a ⊑ b. Because of isotony
of multiplication wrt. ⊑ and the assumption c ⊑ 1 we have ac ⊑ a · 1 = a and
hence ac ⊑ b. The other implication is shown analogously.
(2) ⇒ (3): For arbitrary a, b ∈ D we have a ⊑ a and due to (2) we have ab ⊑ a
(choose a := a, b := a and c := a). The other inequality follows analogously.
(3) ⇒ (1): In (3) we chose an arbitrary a and set b = 1. �

These alternative characterisations will be interpreted and used in the next
section.

2.2 Models and Costs

Before defining models we first fix some notation to avoid misunderstandings.
A graph G = (V, E) is understood as a directed graph, i.e. V is a set of nodes
and E ⊆ V × V is a set of edges. A walk in a graph G = (V, E) is sequence
v1v2 . . . vn of nodes vi ∈ V with (vi, vi+1) ∈ E. A path is a walk with distinct
nodes only. A node w2 is reachable from a node w1 iff there is a walk v1v2 . . . vn

with v1 = w1 and vn = w2. The set of all walks beginning at node x and ending
at node y is denoted by W (x, y). Analogously, the set of all paths from x to y
is denoted by P (x, y). The concatenation w1 ◦ w2 of to walks w1 = x1x2 . . . xn

and w2 = y1y2 . . . ym is defined as x1x2 . . . xny2 . . . ym if xn = y1, and remains
undefined else. A walk w′ is subwalk of a walk w if there are walks w1 and w2

such that w = w1 ◦ w′ ◦ w2. A cycle is a walk with identical first and last node.
A graph is called acyclic if it does not contain cycles. Two nodes x and y are
called connected, if there is a walk v1v2 . . . vn with v1 = x and vn = y (note that
this definition is assymteric!). We also say in this case that y is reachable from
x. Furthermore, for a function f : M → N we denote the image of f , i.e. the set
{f(x) |x ∈ M}, by Im(f).

Definition 2.3. A model is a pair M = (G, g), where G = (V, E) is a directed
graph with node set V and edge set E, and g : E → D is a mapping from the
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edge set E into the carrier set D of a dioid (D,
∑

, 0, ·, 1). A target model is a
pair MT = (M, T ), where M = ((V, E), g) is a model, and T ⊆ V is the so called
target set, where from every v ∈ V some node t ∈ T is reachable, and no node
t ∈ T has an outgoing edge. A model is called finite iff the associated graph is
finite.

So models correspond to edge labelled graphs. Target models describe the
case when one is interested in reaching a certain node set in the underlying
graph of a model. Our main interest here lies on target models. The requirement
that the target set has to be reachable from every node is motivated by the fact
that we will concentrate on walks leading into T .

A (target) model is called acylic if its underlying graph is acyclic. A model
M ′ = ((V ′, E′), g′) is called a submodel of a model M = ((V, E), g), written
M ′ ≤ M , if V ′ = V , E′ ⊆ E and g′ = g|E′ hold (g|E′ denotes the restriction of
g to the domain E′). A target model M ′

T = (M ′, T ′) is a target submodel of a
target model TM = (M, T ) if M ′ is a submodel of M and T ′ = T . A pair (M, T )
where M = ((V, E), G) is a model and T ⊆ V is not reachable from every node
in V \T is called a defect target model. For a model M = ((V, E), g) and V ′ ⊆ V
the restriction of M by V ′, written M |V ′ , is defined by M |V ′ = ((V ′, E′), g′)
with V ′ = V , E′ = {(v1, v2) ∈ E|(v1, v2) ∈ V ′ × V ′} and g′ = g|E′ .

As already mentioned the edge labels drawn from dioids serve to generalise
costs of walks in graphs. Concretely this is done in the following manner:

Definition 2.4. Let M = (G, g) with G = (V, E) be a model and (D,
∑

, 0, ·, 1)
the associated dioid. Then for a walk w = x1x2 . . . xn in G the cost c(w) of w is

defined by c(w) =
i=n−1∏

i=1

g(xi, xi+1). For two nodes x and y the distance d(x, y)

of x and y is defined by d(x, y) =
∑

w∈W (x,y)

c(w). In a target model TM = (M, T )

the distance d(x) of a node x is defined as d(x) =
∑

t∈T

d(x, t), where d(x, t) is

determined as above in the associated model M . A walk x1x2 . . . xn is called
optimal if c(x1x2 . . . xn) = d(x1, x2).

Note that the distance is defined for every pair of nodes, even for not con-
nected nodes: in this case the distance equals the supremum of the empty set,
which is 0.

If one chooses the dioid (IR+
0 ∪{∞}min,∞, +, 0) as codomain of g the cost

of a walk corresponds to its length in its classic sense as the sum of the weights
of its edges. The distance of two points corresponds to the length of a shortest
path connecting these two points, and the distance d(x) in a target model to
the minimal length of a shortest path between x and some node in the target
set. Similarly, if the dioid (IR∪{−∞,∞}, max,−∞, min,∞) is chosen, the cost
corresponds to the capacity, and the distance to the maximum capacity of walks.

We represent target models visually as edge labelled graphs, where supremum
and multiplication operations are clear from the context or are specified whenever
they are referenced. The nodes of the target set are surrounded by a double line.
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In the following figure a target model with target set {d, g} is shown, but it is
not yet clear what the associated dioid is.
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Fig. 1. A Target Model

2.3 Optimality in Models

Note that until now we did not state anything about the existence of optimal
walks. So, in a graph with edge labels from IR there is no shortest walk be-
tween two nodes, if the graph contains a cycle of negative length (note that
by definition the distance can be −∞, but there is no walk with this cost). If
we use a cumulativedioid we are in a much better position: here we can show
that an optimal walk between two connected nodes in every finite model exists,
and moreover there always exists even a path with optimal cost between two
connected nodes. This is stated in the next lemma.

Lemma 2.5. Let M = ((V, E), g) be a finite model whose associated dioid
(D,

∑
, 0, ·, 1) is cumulative, and let x and y be two connected nodes. Then there

is a path p ∈ P (x, y) with c(p) = d(x, y).

Proof. Let M, x, y be as above and let w ∈ W (x, y) be an arbitrary walk. Assume
that w contains a repeated node, i.e. w = x1x2 . . . xi . . . xj . . . xn with xi =
xj . Consider now the walk w′ = x1x2 . . . xi−1xj . . . xn from x1 to xn. Because
(D,

∑
, 0, ·, 1) is cumulativewe have c(x1x2 . . . xi . . . xj) ⊑ c(x1x2 . . . xi−1), and

together with the isotony of multiplication we obtain c(w) ⊑ c(w′). By repeated
application of this construction we can obtain a p ∈ P (x, y) with c(w) ⊑ c(p).
So in this case d(x, y) =

∑

w∈W (x,y)

=
∑

p∈P (x,y)

holds. Since there are only finitely

many paths from x to y there is a p ∈ P (x, y) with c(p) = d(x, y). �

Our goal is to ensure that every walk in a target model leading into the
target set is an optimal one. This will happen by constructing a suitable target
submodel, which motivates the following definition:
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Definition 2.6. For a target model TM = (M, T ) a target submodel T ′
M ≤ TM

is called an optimal target submodel, if for all walks w from x to any node t ∈ T
in T ′

M the cost c(w) equals the distance d(x) in TM (note that a target submodel
is also a target model and therefore in an optimal target submodel the target
set has to be reachable from every node outside of it).

If we consider the labels of Figure 1 as interpreted in the dioid
(IR∪{−∞,∞}, min,∞, +, 0) then an optimal submodel is given in Figure 2.
Assuming the labels to stem from the dioid (IR∪{−∞,∞}, max,−∞, min,∞)
an optimal submodel is depicted in Figure 3.

a

b

c

d

e

f

g

4

3

4

4 3

4

Fig. 2. An Optimal Target Submodel
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Fig. 3. Another Optimal Target Submodel

Unfortunately, it turns out that not every target model has an optimal target
submodel, as for example shown by the shortest walk problem in the presence
of cycles with negative length. So a target model which has an optimal target
submodel is called refinable. Next we give a necessary and sufficient condition
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for a dioid such that all target models with a distance function based on that
dioid are refinable.

Theorem 2.7. Let D = (D,
∑

, 0, ·, 1) be a dioid. Then every finite target models
with D as associated dioid is refinable iff D is cumulative.

Proof. For ⇒ we consider the following algorithm, which is basically a variant
of Dijkstras algorithm:

Input:

finite target model M = (((V, E), g), T ) with associated cumulative dioid

initialise dist as an array with indices from V and values from D;
initialise succ as an array with indices from V and values from V ;
initialise U as set with elements from V ;

forall t ∈ T
dist(t) = 1;
succ(t) = null;

endfor
forall v ∈ V \T
dist(v) = 0;
succ(v) = null;

endfor
U = ∅;
while U 6= V
choose v /∈ U with dist(v) =

∑

v′ /∈U

dist(v′);

U = U ∪ {v};
forall (v′, v) ∈ E with v′ /∈ U
if g(v′, v) · dist(v) ⊐ dist(v′)
dist(v′) = g(v′, v)·dist(v);
succ(v′)= v;

endif
endfor

endwhile

Output:

∀v ∈ V : dist(v) = d(v)
succ encodes optimal submodel

The correctness proof for this algorithm is very similar to the one of the
common Dijkstra algorithm. The differences are of course the use of a general
cumulativedioid instead of IR≥0, and the fact that we are not interested in op-
timal paths from a single node to all other nodes but in optimal paths leading
into a given set of nodes from every node outside of this set.
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The termination of the while-loop is ensured by the termination function |U |,
since |U | is increased after every run of the while-loop by one, and it is bounded
by |V |, since M is assumed to be finite. The for-loops terminate since they run
over finite sets only.

To prove the correctness we first introduce the concept of a maximal path
starting from a node wrt. to a given successor array. First, a mapping succ as
defined above determines a graph Gsucc = (Vsucc, Esucc) with Vsucc = V and
(v1, v2) ∈ Esucc iff succ(v1) = v2. In an analogous manner it defines a possibly
defect submodel Msucc of M . Then the maximal path mp(v,succ) starting in
v wrt. succ is the maximal (i.e. not prolongable) path in Msucc starting in v.
Intuitively, this describes the maximal path that starts in v and is guided by the
instructions encoded in succ.

For the correctness we choose as an invariant for the while-loop the combi-
nation of three invariants I ≡ I1 ∧ I2 ∧ I3 with

I1 ≡ ∀u ∈ U : dist(u) = d(u),
I2 ≡ ∀u ∈ U : c(mp(u, succ)) = dist(u), and
I3 ≡ ∀u /∈ U : dist(u) = d(u) in M |U∪{u}.

So informally this means dist(u) = d(u) where d(u) is defined on the model
Msucc, depending on the progress of the algorithm, whereas dist(u) = d(u) with
a d(u) defined on M holds only for nodes u /∈ U∪u. succ(u) denotes the successor
of u on a walk w with c(w) = d(u) in Msucc; it could be null if there is no path
in Msucc from u leading into some node in the target set.

I1 and I2 hold trivially before the first entry into the while-loop because U is
empty at this point. I3 holds before the first entry into the while-loop because at
this point Msucc has an empty edge set, so d(u) = 0 for all u /∈ T , and d(u) = 1
for all u ∈ T holds in Msucc, in consistency with the assignment to dist.

Consider now a run through the while-loop, and let u be the chosen node. For
nodes u ∈ U no changes for dist(u) and succ(u) are made, so I1 and I2 remain
valid for such nodes. Next we consider the node u. Assume there is a walk w
in M from u into T with c(w) ⊐ dist(u). According to I3 this walk must visit
a node u′ with u′ /∈ U ∪ {u}. Let u′ be the first node on w with this property.
Because of u, u′ /∈ U and the choice of u we have dist(u′) ⊑ dist(u). On the other
hand, w can be split into two walks as w = w1 ◦ w2 where w2 is a walk from u′

into T , which has, according to I3, the cost dist(u′). Since the associated dioid
is assumed to be cumulativewe have dist(u′) ⊒ c(w), which together with the
assumption c(w) ⊐ dist(u) contradicts dist(u) ⊒ dist(u′). So I1 and I2 hold after
the run through the while-loop, too.

Conversely, I3 remains trivially valid for nodes in U ∪{u}, so we consider an
arbitrary node v /∈ U ∪ {u}. We distinguish two cases. First, assume that every
optimal walk in M |U∪{u,v} starting in v visits u. Before visiting u such a walk
can not visit a node u′ ∈ U . To see this let w be the walk from v to some node
t ∈ T , and let w1 and w2 be its subpaths from v to u′ and from u′ to t, resp.
According to I1 there is a walk w3 from u′ into t with c(w3) ⊒ c(w2). But now
both w1 ◦ w2 and w1 ◦ w3 are paths from v into t with c(w1 ◦ w3) ⊒ c(w1 ◦ w2),
which contradicts the assumption that every optimal walk from v into T visits u,
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because (w1 ◦w3) does not. So every optimal walk from v into T consists of the
edge (v, u) and an optimal walk from u into T , so it has the cost g(v, u)◦dist(u).
Hence dist and succ are updated correctly inside the while-loop. The second case
is that there is an optimal walk from v into T in M |U∪{u,v} which visits nodes
in U ∪ {v} only. Then dist and succ can remain untouched, so I3 holds again for
all v /∈ U .

For ⇐ we consider the following target model with an arbitrary a:

x y v
11

a

Then the refined graph can either contain the edge (y, x) or not. In the first
case we have 1 = c(yv) = c(yxyv) = a because every path leading into v has to
be optimal, and hence a ⊑ 1 for arbitrary a. In the latter case in the original
(not refined) target model d(y) = c(yv) holds (because in the refined model only
the path yv from y to v exists), and therefore, according to the definition of d,
c(yxyv) ⊑ c(yv) holds, which implies a ⊑ 1. �

Nevertheless there is a possibility to refine models with non-cumulative asso-
ciated dioids if the underlying labelled graph does not contain negative cycles.
A negative cycle is a cycle x1x2 . . . xn with x1 = xn and c(x1x2 . . . xn) ⊐ 1. In
the case of absence of negative cycles we can see that between two coonnected
nodes there is always an optimal walk which also is a path. This can be shown
by the same argument as above (removing cycles), since removing a cycle from
a walk under this assumption can not decrease its cost (with respect to ⊑). In
particular, this means that in a finite model under these circumstances always
an optimal walk between two connected nodes with at most |V |−1 edges exists.

To obtain an optimal submodel in this case we can apply an algorithm anal-
ogous to the Floyd-Warshall algorithm. First we determine by the following
algorithm the distances between every pair of nodes and the successor of every
node on an optimal path to every other node by the following algorithm:

Input:

finite target model M = (((V, E), g), T ) without negative cycles
and nodeset V = {1 . . . n}

initialise D as an n × n-matrix with entries from D;
initialise succ as an n × n-matrix with entries from V ;

for (i = 1..n)
for (j = 1..n)
if (i, j) ∈ E
D(i, j) = g(i, j);

endif
else
D(i, j) = 0;

endelse
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succ(i, j)=null;
endfor

endfor
for (k = 1..n)
for (i = 1..n)
for (j = 1..n)
if D(i, k) · D(k, j) ⊐ D(i, j)
D(i, j) = D(i, k) · D(k, j);
succ(i, j)= succ(i, k)

endif
endfor

endfor
endfor
Output:

∀ i, j ∈ V : D(i, j) = d(i, j)
succ encodes optimal walks

The meaning of succ(i, j) is analogous to the one in the previous algorithm,
with the only difference that not an optimal walk from i into a target set T is
encoded but an optimal walk from i to j.

The termination of this algorithm is obvious, and as an invariant for the
outermost of the three nested three loops we choose the claim that D(i, j) equals
the cost of an optimal walk from i to j which visits except i and j only nodes v
with v ≤ k, and that succ(i, j) encodes such a walk. The invariant holds before
entering the three nested loops due to the intitialisation of dist and succ and
the fact that k is not yet initialised. Consider now a run through the two inner
while-loops. If an optimal walk from i to j exists without visiting the node k
than dist and succ remain unchanged and the invariant holds also after the run.
Conversely, if there is an optimal walk from some node i to some node j visiting
the node k not using nodes k′ with k′ > k then it has to be composed of an
optimal walk from i to k and an optimal walk from k to j without visiting a
node k′ with k′ > k. So the update operation preserves the invariant.

Finally, to refine the model to achieve an optimal submodel we have to keep
all edges {(v, w) ∈ E | ∃ t ∈ T : succ(v, t) = w ∧ D(v, t) =

∑

t′∈T

D(v, t′)} and to

remove all other edges. To ensure not to get stuck in a cycle Obviously, from
every node v ∈ V a node t ∈ T is reachable, and every such walk is an optimal
one.

3 Bisimulations

The models the previous algorithms are applied to can have a large number of
nodes. One possibility to reduce the problem is the use of bisimulations, which
will be introduced in this section. Before getting formal we fix some notations.
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For a relation R we denote its converse by R◦. For relational composition we
use the semicolon ;. If E ⊆ X × X is an equivalence relation we write x/E for
the equivalence class of an element x ∈ X .

3.1 Basic Definitions

A bisimulation between two relations R ⊆ X ×Y and R′ ⊆ X ′×Y ′ is a relation
B ⊆ X × X ′ with the properties B◦; R ⊆ R′; B◦ and B; R′ ⊆ R; B. Intuitively
this means that if a step from x to y is possible under the relation R then a
step from x′ to y′ is possible under R′ where x and x′ respectively y and y′ are
related via B. The analogous property holds for transitions in R′ compared to
those in R; here the elements are related by B◦.

A bisimulation between a relation R ⊆ X × X and itself is called an au-
tobisimulation. Since autobisimulation are closed under union, composition and
conversion, and the identity is an autobisimulation there is a coarsest autobisim-
ulation for a relation R ⊆ X × X , which is an equivalence.

Here we are interested in a special kind of autobisimulations, which also
respect the labels of edges of a relation. For a model M = ((V, E), g) we define
for every a ∈ Im(g) the relation Ea =̇ {e ∈ E | g(e) = a}. With this convention
we define the term bisimulation for models as follows:

Definition 3.1. Let M = ((V, E), g) be a model. A bisimulation on M is a
relation B ⊆ V ×V such that B is an autobisimulation for Ea for all a ∈ Im(g).
A bisimulation on a target model M = (((V, E), g), T ) is a bisimulation B on
((V, E), g) such that B ⊆ T × T ∪ (V − T ) × (V − T ).

It is easy to see that bisimulations on a model are also closed under union,
composition and conversion, and that the identity is a bisimulation on every
model, see also [2] for analogous results in an almost identical context. Hence,
there is always a coarsest bisimulation on a model, which is an equivalence. For
a model M we denote its coarsest bisimulation by BM . Generally, a bisimulation
which is also an equivalence is called a bisimulation equivalence.

3.2 Quotient and Expansion

For our purposes bisimulation equivalences can be used to reduce the state num-
ber of (target) models in a reasonable way. This is done via the quotient target
model :

Definition 3.2. Let M = (((V, E), g), T ) be a target model and B a bisim-
ulation equivalence on M . The quotient MB of M by B is the target model
MB = (((VB, EB), gB), TB) with

– VB = {v/B | v ∈ V },
– EB = {(x/B, y/B) | (x, y) ∈ E)},
– gB(x/B, y/B) = g(x, y) and
– TB = {t/B | t ∈ T }.
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Note that gB is well defined due to the requirement that B is a bisimulation
on M .

This construction is analogous to the one of a minimal automaton in au-
tomata theory, see for example the classics [11] and [12]. Analogously to there
(hence we omit the proof) the following lemma about the existence of paths in
the quotient holds:

Lemma 3.3. Let M = (((V, E), g), T ) be a target model and B a bisimula-
tion equivalence on M . If there is a path x1x2 · · ·xn in M then there is a path
X1X2 · · ·Xn in M/B with Xi = x/B and g(xi, xi+1) = gB(Xi, Xi+1).

It shows that in a certain sense dynamics are preserved by bisimulation quo-
tients.

If we want to reduce the number of states and to preserve the dynamics of a
target model at the same time we use the coarsest bisimulation to build the quo-
tient, because it reduces the number of states maximally among all bisimulation
equivalences. In this case the resulting quotient is called the coarsest quotient.

The coarsest quotient of the target model from Figure 1 is shown in the
following depiction. For readability the sets in the nodes’ captions are written
without parentheses and commas.

a be

cf

dg
4

5

3

4

Fig. 4. A Coarsest Quotient

Generally, the coarsest quotient of a target model will have a smaller number
of nodes in its associated graph than the original one, especially if the target
model is well structured. If we deal with an infinite target model we should hope
that the coarsest quotient of it is a finite one.

For the expansion step we need to define an expanding operation, which takes
as input a target model and a submodel of one of its quotient models and outputs
a target submodel of the original one. The details of the theoretic background
can be found in [6]; here we only give the definition.

Definition 3.4. Let M = (((V, E), g), T ) be a target model, B a bisimulation
on M and M ′

B = (((V ′
B, E′

B), g′B), T ′
B) a target submodel of the quotient MB. The

expansion M ′
B\B = (((V ′, E′), g′), T ′) of M ′

B by B is given by

– V ′ = V ,
– (x, y) ∈ E′ ⇔ (x/B, y/B) ∈ E′

B ∧ (x, y) ∈ E,
– g′ = g|E′ and
– T ′ = T .
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Obviously the expansion is a target submodel of the initial target model.
Considering a target model M , a bisimulation equivalence B on M and a target
submodel M ′

B of the quotient MB the expansion M ′
B\B is the greatest submodel

of M whose quotient by B equals M ′
B. The sign \ for the expansion operation

indicates that it is a pseudoinverse of the quotient operation based on the notion
/ for equivalence classes; for details see again [6]. In particular, this means also
MB\B = M .

Similarly to lemma 3.3 there is also a statement about the existence of paths
in the expansion:

Lemma 3.5. Let M = (((V, E), g), T ) be a target model, B a bisimulation equiv-
alence on M and M ′

B = (((V ′
B , E′

B), g′B), T ′
B) a target submodel of the quotient

MB. If there is a path X1X2 · · ·Xn in M ′
B then for every x1 ∈ X1 there is a path

x1x2 · · ·xn in M ′
B\B with xi ∈ Xi and gB(xi, xi+1) = g(Xi, Xi+1).

Proof. The proof is simply done by induction over n. Because the claim contains
the term g(xi, xi+1) we start at n = 2. Due to (X1, X2) ∈ E′

B we have also
(X1, X2) ∈ EB. According to the properties of bisimulation equivalences for
every x1 ∈ X1 there is a x2 ∈ X2 with (x1, x2) ∈ E and g(x1, x2) = gB(X1, X2).
Together with the definition of the expansion this shows the claim for n = 2.
Consider now a walk X1X2 · · ·XnXn+1 in M ′

B and an arbitrary x1 ∈ X1. Then
there is a walk x1x2 · · ·xn in M with the required properties. An analogous
argument as above shows the existence of an xn+1 ∈ Xn+1 with gB(xn, xn+1) =
g(Xn, Xn+1), which completes the proof. �

For later purposes we need a converse version of this lemma about the con-
dition of the existence of paths in the expansion:

Lemma 3.6. Let M = (((V, E), g), T ) be a target model, B a bisimulation
equivalence on M and M ′

B = (((V ′
B, E′

B), g′B), T ′
B) a target submodel of the quo-

tient MB. If there is a path x1x2 · · ·xn in M ′
B\B then there has to be a path

X1X2 · · ·Xn in M ′
B with xi ∈ Xi and g(xi, xi+1) = gB(Xi, Xi+1).

Proof. It suffices to show that for every edge (x, y) ∈ M ′
B\B there is an edge

(X, Y ) ∈ M ′
B with x ∈ X , y ∈ Y and gB(X, Y ) = g(x, y). But this follows

obviously from the fact that B is a bisimulation equivalence and the definition
of the expansion. �

4 Application to Optimality

4.1 Putting the Pieces together

To make use of the quotient and expansion operations in refinement problems
we have to ensure that the desired property is compatible in a certain sense with
the chosen bisimulation equivalence. Informally, this means that if the property
in the quotient model is ensured by a suitable refinement then the same property
does also hold in the expansion of the refined model. Concretely, this is expressed
by the next theorem:
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Theorem 4.1. Let M = (((V, E), g), T ) be a target model, BM its coarsest
bisimulation and MBM

its coarsest quotient. If M ′
BM

is an optimal target sub-
model of MBM

then M ′
BM

\BM is an optimal target submodel of M .

Proof. First we show that for all x ∈ V the values d(x) in M and d(x/BM ) in
MBM

coincide. This will be shown by the two inequalities d(x) ⊑ d(x/BM ) and
d(x/BM ) ⊑ d(x). For the first one we observe according to lemma 3.3 that for
every walk x1x2 . . . xn in M with x1 = x and xn ∈ T there is a walk X1X2 . . . Xn

in MBM
with X1 = x/BM , Xn ∈ TBM

and g(xi, xik+1) = gBM
(Xi, Xi+1). So the

set of all costs of paths leading from x to any node t ∈ T in M is a subset
of the costs of all paths leading from x/BM to any node t/BM ∈ TBM

, which
implies the inequality due to the definition of d(·). Conversely, for every walk
X1X2 . . . Xn in MBM

with x ∈ X1 and Xn ∈ TBM
according to lemma 3.5 there

exists a walk x1x2 · · ·xn in M (remember that MBM
\BM = M holds) with

gBM
(Xi, Xi+1) = g(xi, xi+1) and, due to the properties of bisimulation, xn ∈ T .

Then an analogous argument shows the claimed inequality.

Let now w = x1x2 . . . xn be an arbitrary walk in M ′
BM

\BM . According
to lemma 3.6 there is a walk W = X1X2 . . . Xn in M ′

BM
with xi ∈ Xi and

Xn ∈ TBM
, which has the same cost as w. Since M ′

BM
is assumed to be an

optimal submodel we have c(W ) = d(X1) and d(X1) = d(x1) as shown above.
Additionally c(W ) = c(w) holds, so M ′

BM
\BM is an optimal submodel of M . �

This result shows the correctness of the following algorithm, if the coarsest
quotient of the input target model is finite:

Input:

target model M = (((V, E), g), T ) with associated cumulative dioid
or without negative cycles

compute the quotient of M ;
run a suitable refinement algorithm on the quotient;
expand the refined submodel of the quotient;

Output:

an optimal submodel of M

To demonstrate the algorithm let us consider the target model from Figure 1.
Its quotient is shown in Figure 4. If we are interested in shortest paths an optimal
submodel of this quotient is the one from Figure 5. Its expansion yields the
optimal submodel in Figure 2.

Note also that the proof does not require that the large model is finite; it is
only necessary to know that it is refinable at all. So this approach can also be
applied to an infinite target model if it is known from other arguments that it
is refinable, and its coarsest quotient is finite.
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Fig. 5. An Optimal Quotient Target Submodel

4.2 Applicability and Efficiency

After ensuring the correctness of our approach we will take a look at its appli-
cability and efficiency. Let us first assume that the model under consideration is
finite. In [13] an algorithm for computing the coarsest bisimulation is presented
with a runtime of O(|E| · log(|V |)). The algorithms from subsection 2.3 have
a runtime of O(|V | · log(|V |) + |E|) for the Dijkstra-like one and of O(|V |3)
for the Floyd-Warshall-like one, and the expansion step can easily be done
in O(|V | + |E|). So for graphs with |E| ∈ O(|V |) the immediate application
for the Dijkstra-like algorithm and the algorithm using bisimulation have the
same asymptotic runtime, whereas for graphs with |E| ∈ Θ(|V |2) the immediate
Dijkstra-like algorithm performs better. If one has to solve problems based on
non-increasing dioids there is the possibility that to achieve a better runtime
by taking the way over quotient and expansion. The speed-up compared to the
immediate application of a refinement algorithm will be the higher the more the
state number is reduced by building the quotient. So it appears to be reasonable
to apply it especially to well-structured graphs. Examples for this kind of graphs
are hierarchical graphs or graphs with a tree-like structure.

Another application field are infinite models. Here the refinement algorithms
from 2.3 do not work, but after computing a finite quotient (which is of course
not always possible) by for example symbolic algorithms they can be applied
and the solution can be expanded. This is what in general happens in [14].

5 Conclusion and Further Work

We have shown that the quotient-refine-expand approach using bisimulations is
correct and efficient for a certain class of dioid-based optimality problems. There
are two main directions of future work: first, to search and investigate other
bisimulation-compatible refinement problems, and second, to put the approach
presented here in a more algebraic framework, in a way comparable to [5]. The
advantages of the first goal are obvious, as a speed up for well-structured models
can be expected compared to the immediate application of a refinement algo-
rithm. Potential members of this class are flow problems (as for example in [1]),
circulation problems (described e.g. in [9] or algebraically in [10]) or problems
known from model checking like safety and liveness properties. On the other
hand, an algebraic foundation opens the door for deploying automated theorem
provers as demonstrated in [8]. A first step into this direction was already done
in [5].
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