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Abstract. Bisimulations are widely used in model checking for proving
system properties. However, they are also useful if one is interested in
constructing systems with certain desired properties. As an example we
show how strategies for a simple class of games can be synthesized with
help of bisimulations.

1 Introduction

In recent papers ([3], [4]) it was demonstrated how bisimulations can be used
to construct systems with certain liveness, security and optimality properties by
refining a given system. The main idea for the correctness was that bisimulation
preserve the dynamics of a system in a suited sense. The approach makes sense
if the used bisimulation decreases the number of states of the given system. In
([1]) a method for constructing a winning strategy (if there is one) for a class of
two-player games is derivated. Since it relies also on the dynamics of the graph
defined by the possible moves of the game it seems promising to use bisimulations
in order to reduce the number of positions. We will show that this idea will work.
First, we give an introducing example and show its solution with a short sketch
of the method from ([1]). Next we will shortly define bisimulations and quotients,
and last the correctness of the resulting algorithm will be shown.

2 The Sheeps and the Wolve

2.1 Rules of the Game

A commonly known class of simple games are the so-called Fox-and-Hound games
(see Google or Wikipedia for further informations). We will consider a small
variant of the games described there. It is played by two players on a 3 × 4-
chessboard as shown in the left part of Figure 1.

The white figures (symbolizing foxes or sheeps) can move only diagonally
downwards on an adjacent free square, whereas the black figure (the hound or
the wolve) can move one square diagonally in each direction, both upwards and
downwards. Teh goal of the white party is to lock the black piece so that it can
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Fig. 1. Base Position and Square Numbering

not move anymore, and the black party tries to reach the top rank of the table,
i.e. the squares numbered with 1 or 2 in the right part of Figure 1. One player
leads the white figures, one the black one. The moves are made alternately, in
every move exactly one figure is moved, and a player has the obligation to make
a move if possible. Here we consider the case that the white party does the first
move.
To analyze the game we first construct the game graph. Its nodes are labeled
with positions arising during the game. Here the label ab

c
means that the two

white pieces are placed on the squares with numbers a and b, and the black piece
stands on square c. The game graph according to this convention is depicted in
figure 2.

Additionally positions in which according to the above rules the black side
has won are marked by a surrounding double line, such in which the leader of
the white pieces has won have a lightgray surrounding.
To make a formal defintion of a game graph we have to distinguish which moves
(i.e. edges) are done by which player (from the graph above it is not clear which
player has to move in a given position, although her this can be determined by
simple backward analysis). So as a formal definition of a game graph we chose a
tupel G = (V, (E1, E2)) such that G1 = (V, E1) and G2 = (V, E2) are two graphs
over the same node set V representing the moves of player 1 or player 2 resp.
If we want the players to make their move alternately we will require that for
all nodes u, v, w ∈ V the implication (u, v) ∈ Ei ∧ (v, w) ∈ Ej ⇒ i 6= j holds.
If necessary this can be obtained easily by adding a component to each node
indicating the player which has to move.
A winning strategy in a game graph G = (V, (E1, E2)) for player 1 is a game
graph G′ = (V ′, (E′

1
, E′

2
)) with V ′ = V , E′

1
⊆ E1 and E′

2
= E2, such that every

edge in E′
1 starting in a winning position for player 1 is ends also in a winning

position for player 1 (so we want prevent player 1 from making bad moves in
winning position only, unfortunately we can not help him in losing positions).
A winning strategy is called maximal if its E′

1 is maximal among all winning
strategies (note that the choice E′

1
= ∅ delivers a winning strategy by definition).
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Fig. 2. The Game Graph

2.2 Solution Strategy

The idea to determine winning and losing positions for each of both sides is
rather simple: If it is possible for player 1 to reach a winning position from a
given position the given position is also a winnine position for player 1. Conver-
sly. if every move by player 1 from a given position leads into a losing position
for player A the given position is a losing position for player 1. We will assume
that every winning position for player 1 is a losing position for player 2 and vice
versa. So the position 16

4
is winning for the white side (note that in this position

also the white party is the one to move!), and 16

2
is winning for the black side.

This idea is formalized in [1]. We will describe it shortly using the modal opera-
tors |·〉 and |·] on graphs. For a graph G = (V, E) and a subset V ′ ⊆ V we define

the forward diamond |E〉V ′ by |E〉V ′ def
= {u′ ∈ V | ∃v′ ∈ V ′ : (u′, v′) ∈ E},

i.e. |E〉V ′ is the preimage of V ′ under E. The forward box |E]V ′ is defined by

|E]V ′ def
= {u′ ∈ V | (u′, v′) ∈ E ⇒ v′ ∈ V ′}, with other words, |E]V ′ is the set of

all nodes from which a step along E leads by force into a node in V ′. Note that
a node without E-successors automatically belongs to |E]V ′.
So, given a game graph G = (V, (E1, E2)), an inital set W ⊆ V of winning
positions and an initial set L ⊆ V of losing positions for player 1 (we should
assume that W and L are disjoint) we can determine the winning and losing
positions by the follwoing idea: Compute repeatedly W = |E1〉W ∪ |E2]W and
L = |E1]L ∪ |E2〉L until a fixpoint of (W, L) is reached (the remaing positions
are stalemate positions, in which no player can enforce the win of the game). If
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we apply this method to our game we will see that in our game the black party
can enforce the win.
After a short glance on the game graph one will notice its symmetry. So a nearby
idea will be to merge symmetric nodes into one node, then to apply the above
approach, and finally to unfold the obtained result. This strategy works; in the
sequel we describe the necessary theoretical background for its correctness.

3 Bisimulations

3.1 Basic Definitions and Properties

Bisimulations are widely used and known (for example in model checking, see [2]);
we will concentrate here on autobisimulations. An autobisimulation for a graph
G = (V, E) is a relation B ⊆ V × V with the properties (x, y) ∈ E ∧ (x, x′) ∈
B ⇒ ∃ y′ : (x′, y′) ∈ E ∧ (y, y′) ∈ B and (x′, y′) ∈ E ∧ (x′, x) ∈ B◦ ⇒ ∃ y :
(x, y) ∈ E ∧ (y′, y) ∈ B◦ for all x, x′, y, y′ ∈ M . Here B◦ is used for the converse
relation of B.
Intuitively, an autobisimulation relates states with equivalent local dynamic be-
haviour: if there is an E-step from a state x to a state y, and x is related via B
with a state x′, then there has to be an E-step from x′ to another state y′, such
that y is related with y′ via B.
It is well-known that the set of autobisimulations for a fixed graph is closed un-
der union, relational composition and taking the converse. An autobisimulation
which is also an equivalence is called equivalence autobisimulation.
For a graph G = (V, E) and a partition V = (Vi)i∈I of V (i.e. V =

⋃̇
i∈IVi) we

say that an equivalence autobisimulation B respects V if every set Vi ∈ V can
be written as the union of suited equivalence classes of B. As above the set of
autobisimulations respecting a fixed partition are closed under union, composi-
tion and converse; also the identity is an equivalence autobisimulation for every
partition. So there is for every partition V there is a coarsest autobisimulation
respecting V , and it is even an equivalence autobisimulation.

3.2 Quotient and Expansion

The advantage of equivalence autobisimulations is that the number of states of
a system can be decreased without violating relevant dynamic properties. This
is achieved by means of quotient and expansion.
For a graph G = (V, E) and qn equivalence R ⊆ V × V we define the quo-

tient G/R of V by R as the graph G/R = (V/R, E/R), where V/R is the set
of equivalence classes of R, and for equivalence classes V1, V2 of R there is an
edge (V1, V2) ∈ E/R iff there is an edge (v1, v2) ∈ E such that V1 = v1/R and
V2 = v2/R, where vi/R denotes the equivalence class of vi wrt. R. Conversly,
if for a quotient G/R = (V/R, E/R) a subgraph (G/R)′ = ((V/R)′, (E/R)′)
with (V/R)′ = (V/R) and (E/R)′ ⊆ (E/R) is given we define the expansion

(G/R)′\R as the graph (G/R)′\R = ((V/R)′\R, (E/R)′\R) with (V/R)′\R = V
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and (v1, v2) ∈ (E/R)′\R iff there is an edge (V1, V2) ∈ (E/R)′ with v1/R = V1

and v2/R = V2. For details see [4].
There are some relationships concerning the existence of walks in the original
graph, the quotient and the expansion. Let G = (V, E) be a walk, R ⊆ V × V
an equivalence, and G/R, (G/R)′ and (G/R)′\R as above. First, if there is a
walk v1v2 . . . vn in (G/R)′\R then there is a walk V1V2 . . . Vn in (G/R)′ with
Vi = vi/R. Second, if there is a walk V1V2 . . . Vn in (G/R)′ then for all v1 ∈ V1

there is a walk v1v2 . . . vn with vi ∈ Vi for i ≥ 2. Concerning the obvious equality
(G/R)\R = G we obtain relationships between walks in G and G/R. Also, as
an edge can be seen as a walk with exactly two nodes, the above properties hold
in analogous manner for edges, too.

4 Using Bisimulations in Game Analysis

4.1 Connections between Bisimulations and Modal Operators

To make use of bisimulations in our context of game analysis we will establish
some connections between the modal operators |·〉 and |·] from Subsection 2.2
and autobisimulation equivalences. If one considers the observations made at the
end of Subsection 3.2 the following theorem is almost obvious:

Theorem 4.1. Let G = (V, E) be a graph, V = (Vi)i∈I be a partition of V and B
the coarsest autobisimulation for G respecting V. Then for every I ′ ⊆ I the sets

|E〉(
⋃

i′∈I′ VI′) and |E](
⋃

i′∈I′ Vi′ ) can be written as the union of suited equiv-

alence classes of R. To be exact, one has |E〉(
⋃

i′∈I′ VI′) =
⋃

i′∈I′{v | (v/R) ∈
|(E/R)〉Vi′} and the analogous equality for the forward box.

A look at the solution strategy from subsetion 2.2 shows that during its execution
the computed subsets can be represented as unions of equivalence classes of the
coarsest autobisimulation respecting the initial partition into winning, losing and
still undefined positions. This encourages us to reduce the node number of the
game graph by a bisimulation before applying our solution strategy.

4.2 Applying Bisimulations in Game Analysis

Let us return to the abstract form of our introducing example. We have a
game graph G = (V, (E1, E2)) and an initial partition V = {W, L, U} of V
into disjoint sets of winning (W ) and losing (L) position for let us say player 1
(U = V \(W ∪ L) are position of yet unkonown character). Our goal is to de-
termine the winning and losing positions, and to construct a maximal winning
strategy. Before immediately a working with bisimulations we face one difficulty:
We are confronted with two graphs ((V, E1) and (V, E2)) instead of only one.
So we have to use the coarsest relation R which is an autobisimulation both for
(V, E1) and (V, E2) and additionally respects V . Fortunately, this is an equiva-
lence and enjoys the same relevant properties to make theorem 4.1 applicable,
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and it is efficiently computable (see [5]).
So, after computing R we first construct the two graphs (V/R, E1/R) and
(V/R, E2/R). Then we solve the game on the game graph G/R = (V/R, (E1/R, E2/R)),
where as winning positions in G/R we choose the set W/R := {w/R |w ∈ W}
and analogously the losing positions. On this graph we solve the game problem
and obtain a set of winning positions W ⊆ V/R and losing position L ⊆ V/R
in G/R. Furthermore, we can compute a maximal winning strategy (G/R)′ =
((V/R)′, ((E1/R)′, (E2/R)′)) of G/R. Then the set of winning resp. losing po-
sition in G equals

⋃
W∈W

{w ∈ W} resp.
⋃

L∈L
{l ∈ L}. The maximal winning

strategy in G for player 1 equals (V, ((E1/R)′\R), E2)).

5 Conclusion and Outlook

We sketched how to use bisimulations in the context of analyzing simple two
player games. The profit of their application depends on how much the state
number is decreased after building the quotient.
If one is interested in similar applications the next level would be to investi-
gate whether this approach can be used for games with more than two players.
Another potential application area is the various kinds of stochastic games.

References

1. R. Backhouse and D. Michaelis. Fixed-point characterisation of winning strategies
in impartial games. In R. Berghammer and B. Möller, editors, 7th International
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